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WEAKLY ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 


PAUL T. ALLEN, JAMES ISENBERG, JOHN M. LEE, IVA STAVROV ALLEN 


Abstract. We introduce a class of “weakly asymptotically hyperbolic” ge¬ 
ometries whose sectional curvatures tend to —1 and are C®, but are not neces¬ 
sarily conformally compact. We subsequently investigate the rate at which 
curvature invariants decay at infinity, identifying a conformally invariant ten¬ 
sor which serves as an obstruction to “higher order decay” of the Riemann 
curvature operator. Finally, we establish Fredholm results for geometric ellip¬ 
tic operators, extending the work of Rafe Mazzeo m and John M. Lee na 
to this setting. As an application, we show that any weakly asymptotically 
hyperbolic metric is conformally related to a weakly asymptotically hyperbolic 
metric of constant negative scalar curvature. 


Introduction 

The mapping properties of elliptic operators on asymptotically hyperbolic man¬ 
ifolds have been studied in 0, [13, m, m. among others. These studies have 
all required that the metric be conformally compact of at least class indeed in 
these works the notion of asymptotic hyperbolicity is defined in terms of confor¬ 
mal compactification. However, it is not clear whether a complete manifold with 
asymptotically negative curvature necessarily admits such a compactification; to 
our knowledge, the best results available are those of [13] (see also [7],[Ilj), where 
it is shown that if the sectional curvatures of a complete manifold approach —1 to 
second order at infinity then the manifold is conformally compact for every 
/3 G (0,1). (In fact, the work [5] presents an example of a manifold for which the 
curvature operator approaches the negative identity operator to first order, but 
for which no Lipschitz conformal compactification exists.) These works are part 
of a body of evidence suggesting that for problems in geometric analysis in the 
asymptotically hyperbolic setting, it is desirable to have a theory applicable to 
metrics with sufficient “interior” regularity for PDE theory (such as interior elliptic 
regularity), but with somewhat limited regularity at the conformal boundary. 

Our primary purpose here is to introduce a condition we call “weakly asymp¬ 
totically hyperbolic,” which does not necessarily imply that the geometry is 
conformally compact, but under which we are nevertheless able to establish Fred¬ 
holm results for geometric elliptic operators; see Theorem ll.61 Roughly, a complete 
Riemannian metric is weakly asymptotically hyperbolic if the curvature operator 
tends to — Id at infinity, and if the metric is an element of certain weighted Holder 
spaces; see m below for a formal definition and for additional details. We em¬ 
phasize that the definition is intrinsic in the sense that we do not assume a priori 
that the metric is conformally compact, but metrics that are weakly asymptotically 
hyperbolic do indeed admit Lipschitz-continuous conformal compactifications, thus 
excluding the example in [6]. We further remark that the class of weakly asymp¬ 
totically hyperbolic metrics is considerably larger than, for example, the class of 
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asymptotically hyperbolic metrics with smooth conformal compactifications; this is 
due to the fact that smooth functions are not dense in the space of Holder contin¬ 
uous functions. (The closure of smooth functions with respect to the (7°’“ norm is 
a proper subset of C°’“ called the “little Holder space.”) 

In the first part of our work here we show several properties of weakly asymp¬ 
totically hyperbolic metrics, followed by some results that highlight the importance 
of the extrinsic curvature of the boundary, and which are in some sense comple¬ 
mentary to those of [5] and m- Under a slightly stronger regularity assumption, 
which implies that the metric is conformally compact but not necessarily C^, 
we introduce a conformally invariant tensor that agrees with the trace-free extrinsic 
curvature along the boundary. We show in Theorem [U4] that if the scalar curvature 
of a weakly asymptotically hyperbolic metric approaches a constant at the “second 
order” rate of [13) . then the invariant tensor vanishes along the boundary if and 
only if the full curvature operator, or its derivative, vanishes along the boundary 
at the second order rate. 

We then prove Fredholm results for geometric elliptic operators arising from 
weakly asymptotically hyperbolic metrics. As an application, we prove that the 
Yamabe problem can be solved in this class of metrics, without loss of regularity; see 
Theorem ll.7l This extends the results of [S] , where the case of smoothly conformally 
compact asymptotically hyperbolic metrics is considered. 

We conclude this introduction by remarking that the class of weakly asymptoti¬ 
cally hyperbolic metrics includes an important class of smooth metrics whose con¬ 
formal compactifications are not smooth: the polyhomogeneous metrics, for which 
the formal expansion along the conformal boundary involves powers of both the 
distance to the boundary and its logarithm. Such boundary regularity is, in fact, 
a feature typical of problems involving the much more general class of elliptic edge 
operators developed in [20] . and such metrics arise naturally in a variety of con¬ 
texts; see [4], [To], [12], among others. For completeness, and to display the manner 
in which the present work is situated among the existing literature, we include an 
appendix containing a self-contained account of the boundary regularity of elliptic 
problems in the polyhomogeneous setting. We emphasize that the polyhomogeneity 
results are not new, but follow from a straightforward adaptation of results in [20] ; 
see also [4]. As the results in the appendix don’t appear in the literature in the 
form presented here, however, we take this opportunity to present a self-contained 
exposition. 

Acknowledgements. We thank Michael Eastwood for bringing the works [8] and 
m to our attention. We furthermore thank Eric Bahuaud for helpful conversations. 
This work was partially supported by NSF grants PHYS-1306441 and DMS-63431. 

1. Statement of results 

Let M be a smooth, compact {n+ l)-dimensional manifold with boundary, with 
n > 1; let M be the interior of M and denote by DM the boundary of M. Let 
p: M ^ [0,oo) be a smooth function with p“^(0) = DM and dp ^ 0 on dM; 
such a function is called a defining function. A Riemannian metric g on M 
is called conformally compact if the metric g := p^g extends continuously to 
a (non-degenerate) metric on M. A conformally compact metric g is said to be 
asymptotically hyperbolic of class if g is of class on M and \dp\g = 1 
on dM. In view of the notion of weakly asymptotically hyperbolic introduced below. 
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we henceforth refer to asymptotically hyperbolic metrics of class as strongly 
asymptotically hyperbolic. 

The definition of strongly asymptotically hyperbolic metrics is motivated by the 
fact that if 'g extends to a metric of class on M, then the sectional curvatures of 
{M,g) approach —\dp\j as p —>■ 0. To see this, consider the “raised index” version 
of the Kulkarni-Nomizu product, defined as follows: For (l,l)-tensor fields u and 
V, we define u®v: k^{TM) A^(TM) by setting 

(u ® v)(x Ay) = u{x) A v(]j) — u{y) A v(x) 

for decomposables, and then extending the map to all of h?{TM) by linearity. In 
coordinates, we have the expressions 

{u ® i {vJlv] + u'uf - , 

Idfj = (5 ® 5)fj = - (5-5*, and ((HesSgp)*)^ = g^^{ResSgp)ik- Here Id is the 

identity of A'^{TM), considered as a (2,2) tensor, and <5 is the identity of TM, 
viewed as a (1,1) tensor. 

The Riemann curvature operator Riem[p]: A^{TM) —?> A^{TM) is related to 
that of 'g by 

Riem[p] = —\dp\jld-\-2p5 ® (Hess^p)** + p^Riem[p], (1.1) 

from which we immediately read off the asymptotic behavior of the sectional curva¬ 
tures. Contraction of (ED yields the following expressions for the Ricci operator, 
viewed as a (1,1) tensor, and the scalar curvature: 

Ric[5] = -n \dp\l5 + p{Agp)S + (n - l)p(HesSg p)* + p^ Ric[p], (1.2) 
H[5] = -n{n+ l)\dp\j + 2np{Agp) + p‘^R[g]. (1.3) 

In order to describe the boundary regularity condition in our definition of weakly 
asymptotically hyperbolic metrics, we introduce several notations. First, 
is an intrinsic Holder space of tensors on M, and similarly H^’P{M) is an intrinsic 
Sobolev space; see ^ for definitions. We also use weighted spaces Cg’°‘{M) = 
p^C^^°‘{M) and Hg’P{M) = p^H^^P{M). 

There is an alternative characterization of these spaces in terms of Lie derivatives 
that helps to shed light on them. Let Y = X(M), the space of smooth vector fields 
on M, and let 'fo be the subspace of consisting of vector fields that vanish on 
dM. If a metric g € C^’°‘(M), then p = p^g S C 2 ’“(M), which is equivalent to 
saying that Lx^ ■ ■ ■ d^x^g G whenever 0 < j < k and Xi,... ,Xj G %. 

On the other hand, if g has a (7^’“ conformal compactification, then Cxi ■ ■ ■ d^XjV € 
(M) for any vector fields Xi,... ,Xj G X, not just ones that vanish at the 
boundary. 

The purpose of this paper is to show that much of the theory of elliptic oper¬ 
ators on conformally compact manifolds can be extended to metrics satisfyng the 
following boundary regularity condition, which is much weaker than being (7^’“ 
conformally compact: 

pG(72’“(M) and £xg € C 2 ~^’‘"(M) for all G r. (1.4) 

We remark that these regularity conditions imply that g extends to a Lipschitz 
continuous metric on M; see Lemma [^75fci) below. But even if (11.41) holds for all k, 
it need not be the case that p extend to a (7^ metric on M; see Remark |2.41 
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Our first theorem shows that, just as for conformally compact metrics, the 
asymptotic behavior of the curvature of a metric satisfying m is determined by 
the value of \dp\-g along dM. 

Theorem 1.1. Let k>2 and a G [0,1), and let g = p~'^'g be a Riemannian metric 
on M satisfying HEi. The following are equivalent: 

(a) Riemjg] —>• — Id as p —0. 

(b) Ric[p] —>■ —n5 as p —>■ 0. 

(c) R[p] —>■ —n(n + 1) as p —)> 0. 

(d) \dp\-g = 1 on dM. 

For k > 2 we define a metric p on M to be weakly asymptotically hy¬ 

perbolic if g is conformally compact and g = p^g satisfies the regularity conditions 
(I1.41) and one (and hence all) of the conditions (jlj)-(Id| in the above theorem. We 
denote by the collection of all weakly (7*’“ asymptotically hyperbolic met¬ 

rics on M; here the superscript 1 indicates that we have imposed the improved 
regularity condition on one derivative of the metric. 

Theorem 1.2. Suppose g G ‘^weak k >2 and a G [0,1). Then we have the 
following: 

(a) Riem[p]-I-Id G (^^"^’“(M). 

(b) Ric[p] +nSG Cf”^’“(M). 

(c) R[p] -I- n{n + 1) G (^^“^’“(M). 

(d) |dp|i-lGCf-“(M). 

(e) For all 1 < j < k — 2, the tensor Riem[p] extends continuously to 

M and is 0{p) as p —>■ 0. 

Before introducing further results concerning the decay of curvature at infinity, 
let us recall the results of Andersson, Chrusciel, and Friedrich [5] , which show that 
if p G C°°{M) there exist smooth functions tp^r G with ip > 0 and ip = 1 

along dM, such that 

R[^/>^/("-i)p] = -n{n -f 1) -b p^+V. 

They further show that unless r = 0 on dM, it is not possible to make the scalar 
curvature approach —n(n + 1) to higher order with a conformal factor in C°°{M). 
In particular, the metric p is conformally related to a smoothly conformally com¬ 
pact metric of constant scalar curvature, and thus the Yamabe problem admits a 
smoothly conformally compact solution, if and only if r = 0 on dM. As well, they 
show that if the dimension of M is three, then r = 0 if and only if the trace-free 
part of the second fundamental form induced on dM by p vanishes. 

Our next results are somewhat complementary to the results in in that they 
highlight the importance of the traceless part of the extrinsic curvature of the 
conformal boundary. First, using (USD we write (HU as 


Riem[p] -|- Id = (R[p] -I- n{n + 1)) 


1 


Id 


n{n + I) 


+ 2pd @ I HesSg p — 




n + 1 


(Ayp)p 


+ P 


Riem[p] 


n(n -b I) 


R[p]Id ; (1.5) 
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we emphasize that the full contraction of the identity operator is n{n+ 1) and that, 
as before, the musical isomorphism is with respect to g. 

From (lESl) we see that the rate at which the curvature operator Riem[g] ap¬ 
proaches — Id is governed by the rate at which the scalar curvature R[ 5 ] approaches 
—n{n + 1), and by the extent to which the trace-free Hessian of p, with respect to 
g, vanishes as p —)> 0. 

We are able to obtain more refined results concerning the asymptotic behavior 
of the curvature provided we assume slightly more regularity than is provided by 
the weakly asymptotically hyperbolic condition. The reason is that for g € -^^eak 
one can only conclude that | Riem[ 5 ]|^ = 0(p~^) as p —>■ 0, but under a stronger 
regularity hypothesis we can conclude that the norm of the curvature operator 
Riem[p] is bounded; see Lemma [3T] Consequently, we introduce the class 
of metrics g G ^^weak^ 

geC^’^iM), £x,geCt'’^{M), Cx.Cx.g G 

for all Xi,X 2 G y. ■ 


We note that if p G 9 extends to a metric of class on M, but not 

necessarily to a metric of class . The next theorem gives additional properties 
of metrics in ■ 

Theorem 1.3. Let k > 2 and a G [0,1), and suppose that g G ■ Then the 

following are equivalent: 

(a) \dp\^-l-^pA^pGCt^’^iM). 

^ n 1 

(b) \dp\^ - 1- ^pAgp = 0(p2) as p^O. 

^ n +1 

(c) R[p] + n{n -I- 1) G 

(d) R[p] + n{n -I- 1) = O(p^) as p —^ 0. 


The proofs of Theorems I1.1II1.3I appear in ^ 

In 21 below, we define a tensor Hg (p) that is a conformally invariant version of 
the trace-free Hessian of p. It follows from Theorem II.21 that if g is in then 

the scalar curvature R[p] satisfies R[p] -I- n{n -|- 1) = 0{p) as p —0. If we assume 
that g G in addition that R[g] + n{n -I- I) G we have 


'^gip)\dM ~ 


HesSg p — 


1 


n -I- 1 


{^gP)9 


(1.7) 


J dM 


see Proposition 021 We remark that while we have independently constructed the 
tensor Hg(p), it has since come to our attention that a general procedure exists for 
constructing such invariants; see i, m- 

The following theorem shows that if the scalar curvature of a metric in 
has faster decay, then the tensor 'H-g{p) serves as an obstruction to faster decay of 
the full curvature operator to — Id. 


Theorem 1.4. Suppose that g G k > 2 and a G [0,1). //R[ 5 ] -I- 

n{n -b 1) G then the following are equivalent: 

(a) Riem[p] -b Id G 

(b) Ric[p]-b n i5 G 

(c) T-L-g[p) = 0 along DM, and 
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(d) %(p) e 

We emphasize that conditions (j^ and 0 in Theorem O are manifestly con¬ 
formally invariant. We furthermore note that it is an immediate consequence of 
Theorem ll.di that if the metric g is Einstein, then the tensor T-L-g{p) vanishes at dM. 
The proof of Theorem 11.41 can be found in 21 

We also note that the tensor 'Hg(p) has further applications in general relativ¬ 
ity, where it gives rise to a conformally invariant description of the “shear-free 
condition” for asymptotically hyperbolic solutions to the Einstein constraint equa¬ 
tions. In this context, the conformal invariance of 'H-g{p) is particularly useful 
for constructing solutions to the constraint equations via conformal deformation; 
construction of shear-free solutions using the tensor 'H-g{p) is carried out in [1] . 


One motivation for defining the weakly asymptotically hyperbolic condition is 
to establish Fredholm results for geometric elliptic operators arising from a metric 
g that is sufficiently regular on the interior M for establishing interior elliptic reg¬ 
ularity results, but whose conformal compactification g is less regular at dM than 
is typically assumed in the literature. Such metrics include the polyhomogeneous 
metrics; see Appendix El for a detailed discussion of polyhomogeneity. 

We now consider a linear elliptic operator V acting on sections of a tensor bundle 
E having weight r. (The weight of a tensor bundle is the covariant rank less the 
contravariant rank.) Following we make the following assumptions on V. 

Assumption P. We assume V = Vlg] is a second-order linear elliptic operator 
acting on sections of a tensor bundle E. Furthermore 

(a) We assume that V is geometric in the sense of m: In any coordinate 
frame the components of Vu are linear functions of u and its derivatives, 
whose coefficients are universal polynomials in the components of g, their 
partial derivatives, and det gij, such that the coefficient of the j th deriv¬ 
ative of u involves no more than 2 — j derivatives of the metric. 

(b) We assume that V is formally self-adjoint, and that there is a compact set 
K Cl M and a constant C > 0 such that 

\\u\\l^{m) < C'II^m||l2(m) for all u S C^{M\K). (1.8) 

Remark 1.5. It is possible to weaken the hypothesis that V be geometric in the 
sense described above. For example. Theorem \1.6\ below easily generalizes to opera¬ 
tors V = 'P[g,p] whose coefficients, in any smooth chart, are universal polynomials 
in both p and components of g, and their derivatives. 

If {M,g) is strongly asymptotically hyperbolic of class (7^’“ for fc > 2, then 
Lemma 4.1 of m shows that operators F satisfying Assumption [P] are uniformly 
degenerate at DM, meaning that in background coordinates (see 21) we may write 

F = a'’^{pdi){pdj) -I- Fpd^ -\- c, (1.9) 

where the matrix-valued functions F, c extend continuously to M. li g C 
•^weak remains true; see Lemma [5.41 below. 

In the strongly asymptotically hyperbolic setting, it is known that the map¬ 
ping properties of operators F satisfying Assumption |P] can, to a great extent, be 
understood via the mapping properties of the indicial map 

Is{F): {E^C)\gM^ {E^C)\g^, 
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defined for each s S C by 

h{V)u= p-^V{p^u)\^^^. (1.10) 

In Lemma El we show that the indicial map is still well-defined in the case that 
V arises from a weakly asymptotically hyperbolic metric, and that in this weaker 
setting IgiJ-’) is a C° bundle map. 

In [T7] it is shown that the characteristic exponents of V, defined as the set 
of s G C for which IsiV) has nontrivial kernel at some point on DM, are located 
symmetrically around the line Re(s) = nj2 — r, where r is the weight of the tensor 
bundle E. Of particular relevance here is the distance between this line and the 
closest characteristic exponent, called the indicial radius and denoted by R. 

The following theorem shows that the affirmative Fredholm results of [17] hold 
in the weakly asymptotically hyperbolic setting. 

Theorem 1.6. Suppose g G for some I > 2 and V satisfies Assumptionl^ 

Then the indicial radius R ofV is positive. Furthermore, 

(a) if fi € [0,1), then 

is Fredholm for 1 < p < oo, 2 < k < I, and |<5 -I- — — < R; and 

(b) if 13 € (0,1), then 

V: Cp°‘{M) 

is Fredholm for 0<a<l, 2<k + a<l + /3, and |i5 — ^| < R. 

In both cases the operators are of index zero, and the kernel is equal to the kernel 
ofV. 

The proof of Theorem II.61 consists of adapting results of m to the weakly asymp¬ 
totically hyperbolic setting, and is the content of (E below. 

To further illustrate the utility of the weakly asymptotically hyperbolic con¬ 
dition, we now consider the Yamabe problem, which is the question of whether 
an asymptotically hyperbolic metric can be conformally deformed to another such 
metric of constant scalar curvature. In the case that g G C°°{M), it is known that 
there exists a smooth, positive function G C°°{M) such that the scalar curvature 
of is identically —n{n + I); see (5] Theorem 1.2], as well as |4]. In the 

weakly asymptotically hyperbolic setting, we prove the following. 

Theorem 1.7. Suppose g G for k > 2 and a G (0,1). Then there exists a 

unique positive function with cj) — 1 G such that g = g G 

and R[g] = —n{n + 1). Furthermore, if g G , then g G ■ If g is also 

polyhomogeneous, then g is polyhomogeneous as well. 

The proof of Theorem 11.71 which appears in E relies on the identity 

+ R[5](/.) <^-(-+3)/("-i), (1.11) 

where our sign convention for the Laplacian is Ag(j) = tig HesSg (j). Thus g = 
^4:/{n-i)g constant scalar curvature —n{n -I- 1) if (() satishes 

Ag</>-^R[5]</>=^^ = <^>0- (1-12) 





ALLEN - ISENBERG - LEE - STAVROV ALLEN 


We show the existence of a function (j) satisfying (I1.12|l in ^ 

Combining Theorem 11.71 with Theorem 11.41 we observe the following: If g S 
•^weaif) then the tensor TL-gip) determines whether g is conformally related to a 
metric in whose curvature operator tends towards — Id to higher order. 

2. Regularity classes 

In this section we define weighted Holder and Sobolev spaces of geometric tensor 
fields on M, and relate them to the construction given in m- While the definitions 
of these spaces are independent of any Riemannian structure, it is often convenient 
to work with equivalent norms defined using a background metric h introduced 
below. Some of our results also concern polyhomogeneous tensor fields. We fur¬ 
thermore refer the reader to llA.ll for a careful definition of C'pjjg(M), the class of 
polyhomogeneous tensor fields on M which extend to fields of class on M. 

In order to construct Holder and Sobolev spaces on M, we introduce a collection 
of coordinate charts covering a neighborhood of dM in M as follows. Choose a 
collar neighborhood C of dM in M and a diffeomorphism C —dM x [0, p*) whose 
last coordinate function is p; for convenience we hereafter implicitly identify C with 
dM X [0,p*). For any a G (0,p*], denote by the subset dM x [0, a), and define 
C = int(C) ~ dM x (0,p*) and Ca = int(C^) Ri dM x (0,a). 

Fix a finite collection of coordinate charts for dM such that for each {U, 9) in 
the collection, 9 extends smoothly to a coordinate chart containing U. For each 
{U,9) we extend 9 to U_ := U x [0,p*) by declaring it to be independent of p and 
define coordinates 0 = {9,p) on L£. Following the nomenclature of [17], we refer 
to 0 as background coordinates. For any k G Nq and a G [0,1) we define the 
Holder spaces C’‘’°‘(M) using these background coordinate charts together with a 
finite number of charts covering the complement of C. 

We furthermore use the coordinates 0 to identify U_ and K intW with subsets 
of the half space R” x [0, oo). These identifications allow one to compare the 
geometry of (M, g) near dM to that of hyperbolic space; to make this precise we 
use the following construction from m- 

Let (H, g) be the upper half-space model of (n-|- l)-dimensional hyperbolic space, 
with coordinates {x,y) = . ,x^,y) G M” x (0,oo) and with the hyperbolic 

metric g = y~‘^{{dx^)'^ H--I- -I- dy'^). For any r > 0, define C HI to be 

the ball of radius r, with respect to g, centered at (0,..., 0,1). Using background 
coordinates to identify subsets of Id with subsets of we may for each point 

Po = {do > Po) ^ C construct a Mobius parametrization $: B 2 ^ M centered at po 
hy ^{x,y) = {9o + Pqx, poy). (The complement of C in M, which is compact, we also 
cover by finitely many parametrizations B 2 —>■ M, which we include in the collection 
of Mobius parametrizations.) We fix countably many Mobius parametrizations 
such that covers M and {$i(I? 2 )} is uniformly locally finite. 

We define the Holder norm ||w||c''.“(M;£:) of a section u of a tensor bundle E by 

l|w|lc*’.“(M;£;) := sup ||$*M||c.fc,c(52); (2.1) 

i 

the Holder space C^’°‘{M; E) is the space of sections for which this norm is finite. 
For (5 G R, we define the weighted Holder spaces by C^'°'{M]E) = p^C^’°‘{M; E) 
using the norms 

II^IICj’“(M;E) “ lid '*^llc'“'“(M;E) ■ 


(2.2) 
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The Sobolev spaces E) are defined analogously; for k £ No and p £ (1, oo) 

we have 

i 

As defined here, the Holder and Sobolev norms are independent of any Rie- 
mannian structure on M. To simplify the analysis below, we fix a smooth (C°°) 
background metric h on M such that \dp\-f^ = 1 along dM, and let h = p~^h be the 
corresponding asymptotically hyperbolic metric on M. Throughout the remainder 
of this paper we adopt the following convention: 

V and V denote the Levi-Civita connections of h and h, respectively. 

A detailed account of Holder and Sobolev spaces, including various embeddings 
and equivalent norms that make use of a sufficiently regular asymptotically hy¬ 
perbolic metric and its Levi-Civita connection, is given in Chapter 3 of |17j . In 
particular, the background metric h gives rise to the following norm equivalences: 

— ||u||c.fc,<»(M;£;) < sup -I- II (2.3) 

0<i<fe “ 

and 

^||u|r^.„(^,^^) < ^ [ \V^u\ldV,<C\\ur^,^,^^.^^y (2.4) 

0<j<k''^ 

Note that m contains a small error; see Appendix IbI for a description of the error 
and necessary corrections. 

We record the following elementary facts about Holder spaces on M ; recall that 
the weight r of a tensor bundle is its covariant rank less its contravariant rank. 

Lemma 2.1 (Lemmas 3.3, 3.6, and 3.7 of [T7|l. Suppose h is a smooth metric on 
M as described above. 

(a) If E is a geometric tensor bundle of weight r over {M,h), and if a £ (0,1) 
and k £ No, then the following inclusions are continuous 

C'^’‘^(M;E) -A C^'°^{M]E) 

C,y“„+,(M;A) -A C>^’‘^(M-,E). 

Note that the first inclusion holds for a £ [0,1). 

(b) Let Ei,E 2 be geometric tensor bundles over {M,h). For all a £ [0,1), 
A: G No, and 81^82 £ R, the pointwise tensor product is a continuous map 

C^f{M;E,) X Q^'“(M; A2) ^ ® E2). 

(c) We have dp £ 0^’°^{M;TM*) for all k £No and a £ [0,1). 

(d) The difference tensor D = V —V is in (7q’“(M;T^M*®TM) for all fc G No 
and a £ [0,1), and therefore V: C'^~'"^’“(M; E) —>■ (^^’“(M; E C) TM*). 

The weight of a tensor bundle is important for understanding the behavior of 
sections near dM'. If u is a section of a tensor bundle E with weight r, then 
\u\h = For notational convenience, however, we frequently omit explicit 

reference to the relevant tensor bundle, writing ||M||pfc,a^^j for \\u\\Qk,a^j^,^y etc. 
We nevertheless encourage the reader to be mindful of the weight of the relevant 
bundle. 
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In preparation for a discussion of the properties of weakly asymptotically hyper¬ 
bolic metrics, we introduce spaces of tensor fields with additional regularity near 
the boundary. Let k > 0, a G [0,1), and 0 < m < k. By definition, a tensor field u 
of weight r is in if for all 0 < j < m we have 

Cx,... Cx, u e (M) for all ,..., X, € r. 

(Closely related spaces, in which the additional derivatives are taken only with 
respect to vector fields tangent to the boundary, have been considered by many 
authors, and we use such spaces in Appendix|^for proving polyhomogeneity results. 
But the spaces we introduce here are novel in that we require additional regularity 
in all directions. To the best of our knowledge, this is the first time that a detailed 
analysis of elliptic operators has been carried out under the assumption that the 
metric has boundary regularity as weak as we require here.) 

Lemma 2.2. Let fc > 0, a S [0,1), and 0 < m < k. 

(a) A tensor field u of weight r is an element o/ if and only if 

Wu G (M) for all 0 < j < m. 

(b) Endowed with the norm 

m 

lll'^lllfc.a:m ~ 11^ II0*“/’“(M)> (2-5) 

the collection is a Banach space. 

Proof. The first claim relies on the formula 

Cxu = VjjfU -f M * VA, (2-6) 

where * represents a contraction of the tensor product. For to = 0 there is nothing 
to show. Consider the case to = 1 and suppose that u G For any X G 'E, 

the tensor XX has weight zero and is smooth on M. Hence XX G There¬ 
fore, (Ell) implies that Xxu G for all X G Y. Because every vector 

field in Yq can be written Y — pX for some X gY, this implies Xyu G 
for all y G Using the finite collection of background coordinate charts, we can 
choose a finite set of vector fields in Yq that contains an orthonormal basis (with 
respect to h) in a neighborhood of each point. Therefore Xu G Con¬ 
versely, formula (12.6p implies that if u G C!f’°‘{M) and Xu G then for 

any X G Y we have Cxu G C^’“(M). 

Repeated application of (12.6p shows that 

£xi • • ■ Cx^u = * • • • * * X^u V'u 

l<.m 

for some tensors Bi, which are in C°°{M) ii Xi G Y. The first claim then follows 
by induction. 

That '^^’“’"*(M) is complete, and thus a Banach space, follows from the com¬ 
pleteness of the spaces (7^’“(M). □ 

The following lemma describes some important properties of the spaces (M) 

in particular, parts (0 and m show that is intermediate between 

C'^’°‘(M) and 
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Lemma 2.3. Suppose a G [0,1) and 0 < m < k. 

(a) is an algebra under the tensor produet, and is invariant under 
contraetion. 

(b) If u G is a tensor field of weight r, then u G All 

tensor fields of weight r in are in 

(c) The following inelusions are continuous: 

C 0<m<fc, (2.7) 

C l<m<k, (2.8) 

where C"*“^’^(M) denotes the space of tensor fields on M with Lipschitz 
continuous derivatives up to order m — 1 . 

(d) If u G ‘^^’“’™(M) is a tensor field of weight r and 

—>■ 0 as /9 —>■ 0, 0 < j < TO — 1, 

then u G C'^^(M), with ||u||^fe,Q < C'lHwlHfe some constant C 

depending only on universal parameters. 

(e) If u G ‘^^’“’’”(M), then the functions i’ describing the components of 
u in background coordinates iU, 0 ) satisfy 

{def{pderu:i::X e l/3| < m, |/3| + I 7 I < k. 

Furthermore, */$: B 2 ^ M is a Mobius parametrization centered at (Oq, po) 
then 

Wd^iK-X ° < Po'\M\k,c-,m> 0 < |/3| < TO. 

(f) The following maps are continuous: 

y: ,^fc.a;m(^) ^fe-l.a;m-l(^)^ 1 < TO < fc, (2.9) 

pV:‘^'=’“;’"(M) ^'r'="i’“;'"(M), 0<TO<fc-l. (2.10) 

Furthermore, multiplication by p is a continuous map from ^^’“’"*(M) to 

Proof. The first claim follows from the product rule, and the fact that contraction 
preserves the weight of a tensor field. For the second claim, (1^ follows from 
Lemma 12.lllST) and the fact that if m G C^’°‘{M) is a tensor of weight r, then 
is a tensor of weight r + / in To prove (12.8p . it suffices to consider the 

case where to = 1. We have and |V u\j^ bounded on M. Thus u is uniformly 
continuous on M and extends uniquely to a Lipschitz continuous tensor field on M. 

For Jd]), consider first the case to = 1. In the case, we have that Vu G ^(M) 
and that \u\-f^ vanishes along dM. Integrating VgradpW from p = 0, where u vanishes, 
we see that u G The desired estimate follows from (12.31) and Lemma [2Tlld1) . 

Iteratively applying this same argument toV^n, 1 <Z<to— 1 yields the desired 
result. 

The remaining claims follow directly from the definition. □ 

Remark 2.4. Lemma \2.St!!^ is essentially sharp in view of the following example: 
Let u = psin (log p). It is easy to see that u G '^^’“’^(M) for all k > 0 and a G [0,1). 
However, Vu does not extend continuously to M. 
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Remark 2.5. If u G with 1 < m < k and u is polyhomogeneous, then 

u G see Lemma [A.5[ 

We now establish the following regularization theorem. 

Theorem 2.6. Suppose t is a tensor field of weight r in for some 

0 < m < I and ft G [0,1). Then there exists a tensor t, depending linearly on t, such 
that T G for all k > 0 and 0 < a < 1 and such that t — t G 

For each k and a there is a constant C such that |||t|||^. < C'|||t|||; 

The construction of r makes use of the group-theoretic convolution operation on 
hyperbolic space, which we now describe. 

Let HI be the (n -I- l)-dimensional upper half-space with coordinates 0 = {0,p). 
Note that HU is a group under the multiplication {9, p) ■ {9', p') = {9 + p9', pp'), with 
identity (0,1) and inverses given by {9,p)~^ = {—9lp, 1/p). The hyperbolic metric 
g is left-invariant under this group structure. (Geometrically, the group structure 
arises from identifying H with the set of isometries of hyperbolic space generated 
by dilations and horizontal translations.) 

For any bounded integrable functions r and ip, at least one of which is com¬ 
pactly supported, we dehne the group-theoretic convolution t * ip hy (t * ip){q) = 
J^T{p)ip{p~^q) dVy{p). More explicitly, this is 

(t*iP)(9,p)= [ t(u,v)ip(- — du^ .. .du'^ dv. (2-11) 

Jm \ V vj 

The change of variables = 9'^ + px'^, v = py converts this to the alternative form 

[t*iP){9,p)= [ t{9 + px, py)ip dx^.. .dx"^ dy. (2-12) 

Jm \ y yj 

Lemma 2.7 (Properties of Group Gonvolution). Let Li and V he open subsets of 
H. Suppose ip G Cf^(V) and t is a bounded integrable function supported in lA. 

(a) supp T * Ip C UV = {pq ■. p GU and q GV}. 

(b) If T G then t * ip G ‘^^’“’'"(H) for all k > 0 and 0 < a < 1, 

with 

Ilk * < C'llklllm.O;mllkllc'=+i(H) 

for some constant C depending only on k^a^m. 

(c) If T and j.g^ip{q~^)dVg{q) = 1, then t — t * ip = 0[p). 

Proof. Glaim (jaj) follows from (12.121) , as does the fact that t * ip is bounded by a 
constant multiple of ||T||ic=o(H)||i/4^(H). 

A direct computation using (12.111) shows that X{t * ip) = t * {Xip) if X is one 
of the vector helds pd/dp, pd/dd"^. Note that these are orthonormal vector helds 
that form a basis for the Lie algebra of H. Therefore the norm of a function 
u is equivalent to the supremum of \Xi^ ■ ■ ■ Xi.u\ over all j-tuples of these vector 
helds, 0 < j < k. Since Wi ■ ■ ■ Xijf’ is also smooth and compactly supported 
in V, it follows that t * ip remains bounded after any number of applications of 
these vector helds, so t * ip G C^’°‘{M.) for all k and all a, with ||t * fp\\c’^'°‘(m) ^ 

Next assume that t G ‘^'"’°’™(]HI) for some m > 0. If m = 0, there is nothing 
more to prove, so assume m > 1. A simple computation using (12.121) shows that 

9(t * Ip) dr 


50 “ 


(2.13) 
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for a = 1,..., n. A slightly more involved computation shows 


9(r * tp) 
dp 



(2.14) 


where ip°‘^ ip are the compactly supported functions dehned by 

1 

ip°^{u,v) = - ip{u,v), ip^{u,v) = —ip{u,v). 

V V 


Iterating these computations shows that for any multi-index I with |/| < m, we 
have 


d^{T * Ip) 

dQi 


E 


d-^T 


* Ip'^ 


for some ip'' G C(?°(V). The fact that r S with m > | J| implies that each 

derivative d'^r/dQ'' is bounded, so the argument above shows that d' {t * ip)/d&' G 
C^’“(]HI) for all k and all a, and thus t * ip G with norm bounded by a 

constant multiple of |||t||1^_q.^||'0||c'=+i(h); this proves (0. 

Finally, assume the hypotheses of m and let r = t * ip. The fact that the 
Hrst derivatives of r with respect to (0, p) are bounded implies that r is Lipschitz 
continuous in these coordinates, so \t{9 +px, py)— t{9, p)\ < Cp{\x\-\-\y—l\). Since 
|a;| and \y — 1| are bounded on the support of ip{—x/y, l/y), we have 


< [ \t{9 + px,py) - t{9,p)\ Ip f--,-) dx'. ..dx'^dy 

JvL \ V yj 

<Cp [ (|x| + \y- 1|) Ip dx'... dx" dy 

Ja \ y yJ 

= o{p). □ 


Proof of Theorem \2.6\ By means of a partition of unity, we may restrict attention 
to a tensor held supported in a single background chart (U, 0), and we may assume 
that the background coordinates extend to a larger open set W A U. To further 
simplify, we prove the theorem in the case that t is a function; applying the same 
argument to the components of an arbitrary tensor held in background coordinates 
easily yields the analogous result in the higher-rank tensor case. We denote the 
background coordinates by 0 = {9,p), and use them to identify W with an open 
subset of the upper half-space H. 

We prove by induction on q that for each q = 0,...,m there exists fg G 
nfc,a such that r - and such that 

Ill — ^lll^lll/,^;m’ 

When q = 0, we just set fg = 0. Then assume, for some 0 < g < m — 1, the 
existence of Tg satisfying the above conditions and set u = t — Tg. Thus u G 
nC'i./3(M) and 

1 

w := G 

q\ dp<i ^ ’ 

Let (p he a. smooth function on H that satishes J^(p{p~') dV^pp) = 1, and that 
is compactly supported in a neighborhood V of (0,1) small enough that UV C hi'. 
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Let w = w *(j>. By Lemma [2771 we have w S Hfc a '^(M) and |||w|||j, a-m-q — 

Clll^t'lllm-g 0 m-q- Since m — q >1, Lemma [2Jfcli implies that w — w = 0{p). 

We now seek to apply Lemma I^^^Mdl) to show that u - p'^w G By 

Lemma [231if|) applied to w, we have u — p^w G fl Cg’^{M). Thus it 

remains to show that derivatives of u — p'^w having order q vanish at p = 0. When 

\J\ < q — ^ < nT- — 2, 


dJ 


{u - p’iw) G n 


(2.15) 


and therefore all such derivatives vanish at p = 0. To handle the derivatives of 
order q, note that each such derivative can be expressed in one of the following 
forms: 

d d'^ , „ 9^ 


{u — p'^w) or —— (u — p‘^w) 


dOi dQJ ^ dpi 

for some multi-index J of length g — 1. It follows from Lemma [2.31lcl) that the 
expression in (12.151) is in and vanishes on dM, so the first expression in 

(I2.16|) vanishes on dM as well. Since q < m — 1 and w G we have 

pp~^d^w/dpi bounded for any 1 < j < m. Thus 


di , diu 
dpi dpi 

diu 

~ 

= 0{p), 


— qlw - 


Oip) 


- qlw + 0{p) 


where the second equality comes from w — w = 0{p) and the third from the defi¬ 
nition of w. Thus Lemma 12. 3t|d)l imnlies that u — o IwGCI’Um). 

We now set r^+i = Tq + piw. By Lemma [231lf| and the estimates recorded above 
we have 


. < 
III K,a:m — 


\k,a\7n—q 


_q < < C||| 




from which we obtain |||t,+i < Clllrlllj^^.^ 


□ 


3. Properties of weakly asymptotically hyperbolic metrics 

Recall that a metric p on M is said to be conformally compact if p = p^p 
extends continuously to a nondegenerate metric on M. The next lemma describes 
the behavior of the curvature operator Riem[p] (viewed as a (2, 2) tensor) of the 
conformal compactification in case p is in one of the spaces “^^’“’“(M). 

Lemma 3.1. Let k >2 and a G [0,1), and suppose g is a Riemannian metric on 

M. 

(a) then Riem[p] G ^^(^^’“(M). 

(b) IfgG^'^’‘^-^{M), then Riem[p] G C'o”^’“(M). 

Proof. Let D[p] = V — (®V) be the difference tensor between the Levi-Civita con¬ 
nections of the compactified background metric h and of p; we easily see that I?[p] 
is the sum of (contractions of) terms of the form p~^(p)~^ (Eip® Vp. Thus Riem[p] 
is the sum of (contractions of) terms of the form 

A -\ g )< g ) V \ A-6(p)®Vp®Vp, A-3(p)®Vp, A°(p); (3.1) 
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here A'^(g) represents a tensor of weight r which, in any coordinate system, is a 
smooth polynomial in g and {g)~^ with coefficients in C°°{M). If g S 
then {g)~^ S and thus the fact that is an algebra implies 

that A''{'g) € C The desired estimates for the final three 

terms of (13.11) follow immediately from Lemma [2.31 

We now estimate the first term in (lOl . If g e then Lemma lOlfll 

implies G (M) = and thus G If 5 G 

then G {M) and the desired result follows immediately. □ 

For k > 2, 1 < m < k, and a G [0,1) we define to be the set of 

Riemannian metrics g on M such that g = p^g G extends to a non¬ 

degenerate metric on M, and such that Riem[( 7 ] —>■ — Id as p —>■ 0. (Recall that 
p is a fixed defining function in C°°[M).) As in 21 metrics in are called 

weakly asymptotically hyperbolic. 

The following version of Taylor’s theorem is used below. 

Lemma 3.2. Suppose g G some k > 2 and a G [0,1). Then for any 

function u G n we have u — p{dp,du)-g G C 2 ~^’“(M) with 

\\u- p{dp,du)g\\^k-i,^f^j^^ < C'|||m|||j, „.2 

for some constant C depending only on |||p|||j, c«. 2 - 

Proof. The assumptions on u imply that y := {dp,du)-g is in By 

Theorem 12.61 there exists rj G such that y — rj G {M). By Lemma 

EHEI and by the estimate in Theorem 12.61 we have 

Up - p||c;=-L“(M) ^ ^\\\h - ^lllfe-l.a;l < C'lll«lllfe.a;2. 

where here and throughout the proof C represents any constant depending on 

lll5llU.„;2- 

We now seek to apply Lemma I2.3tldl) to the function u' := u — prj, which is an 
element of by Lemma r2.3llfl) . Consequently du' extends continuously to 

M; note also that u' G Ci'°‘{M). Thus at p = 0 both u' and the restriction of du' 
to TdM vanish. Direct computation, using the definitions of u' and v, shows that 

{du', dp)g\g^ = {du, dp)g\gj^ - = {du, dp)g\gj^ - y\gj^ = 0. 

Thus we may invoke Lemma I2.3lldl) to conclude that u' G and that 

< C'|||m'|2 ^. 2 . The proof now follows from the identity M—p(fip, = 
u' + p{rj—ri). □ 

We are now ready to prove Theorems II. 1II1.3I 

Proof of Theorem \l.l[ Since g G we have HesSg p G Thus 

(HesSgp)** G C^~^’°'{M) (where the sharp operator is with respect to p = p^g). 
Because a (1,1) tensor has weight 0, this implies that |(HesSgp)^|j;- is bounded by 
a constant multiple of |(HesSg p)*|g = |(HesSg p)l*|g, which is bounded. 

Lemma ITT] shows that Riem[p], Ric[p], and R[p] are all 0{p~^). Thus the equiv¬ 
alence of parts m-m of Theorem o follows immediately from (HID, dOD, and 
(fOl) . □ 
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Proof of Theorern M.SX Let / := \ — \dp\j. Since g and dp are in we have 

/ G as well. The assumption that g is weakly asymptotically hyperbolic 

means that / —^ 0 as p —)> 0, and thus Lemma I^^Hdl) shows that / G this 

is ©■ Properties (jlj), and (jsj) then follow from (II.ID . (11.21) . (II.3L respectively, 
together with Lemma [3.II 

To prove note that (Jaj) implies {^Vy Riem[p] is a tensor of weight j in 
and the /i-norm of such a tensor is 0 {p~^~^^). □ 

Proof of Theorem \1.S\ Equation (11.31) can be written 

R[g] + n{n + 1) = -n{n + 1)/ + p^ R[p], (3.2) 

where 

/ := \dp% - 1 - ^aP- (3-3) 

Lemma [3.11 shows that p^R\g] G and it follows immediately that (jl]) 

(0 0 ^ 

We complete the proof by showing that © implies (jlj) . Assume therefore that 
/ = 0{p^). Since g G we have {g)~^ G Thus the function 

u := \dp\j— 1 is in and, due to Theorem 11.2© . u G There¬ 

fore, by Lemma (3.21 we can write u = p{dp,du)-g + v, for some v G 
Consequently, 

2 

/ = p{dp, du)g - —p Agp + V. 

n -I- 1 

On the other hand, the fact that g G implies 

w := {dp, du)-g - A-gp G 

and the assumption that / = 0{p^) implies w = 0{p). Therefore, Lemma [2^3© 
implies w G C^~^’°^{M), from which it follows that / = pw -I- G C 2 ~^’“(M). □ 

Remark 3.3. The proof of Theorem 1 1. (91 above invokes both Lemma |.2.3tldl) and 
Lemma in order to establish that f G under the hypothesis that 

R[p] -|- n{n -|- 1) = 0{p^). The estimates in those lemmas imply that g i-A- R[p] -|- 
n{n+ 1) is locally Lipschitz continuous, viewed as a map taking metrics in 
satisfying R)^] -|- n{n -|- 1) = 0 {p^) to functions in C 2 ~‘^’°‘{M). 

4. The tensor 'Hg(w) 

Let {M,'g) be a (n -|- l)-dimensional Riemannian manifold and let w: M —>■ K be 
any function. Then the vector field \du!\giad-gOj is conformally invariant in 
the sense that for any positive function 9 we have 

grades w = grad^w. 

Let V-g be the conformal Killing (or Alhfors) operator, taking vector fields to 
symmetric tracefree covariant 2-tensor fields, defined by 


n -I- 1 


{diYgX)g. 
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The operator 2?^ transforms under conformal changes of g as follows: For any 
positive function 6 we have 


VegX = 9VgX. 


Thus the map 

w HA \duj\gVg{\duj\=‘^ gradg w) 


is a conformally invariant operator taking the function w to a symmetric tracefree 
covariant 2-tensor field. 

Another such operator can be constructed as follows. Observe that the p- 
Laplacian 


divg 


|(iw||grad^u; 


is conformally invariant for p = n — 1, in the sense that 


\duj 


-("+ 1 ) 

6g 


divgq 


\dw\^ ^ grades wj = divg 


\du\- 


n — 1 


gradqw 


Multiplying by 

du) ® du --Idwl^o 

n + l' 

yields a conformally invariant operator taking a function a; to a symmetric tracefree 
covariant 2-tensor field. 

We now combine the two conformally invariant operators above, first multiply¬ 
ing by powers of \duj\-g in order to avoid negative powers and in order to achieve 
homogeneity in uj, and define the tensor H-giuj) by 

n-giu}) := \duj\jVg{\duj\='^ grad^w) -g Ag{uj) (dui ® du: - , (4.1) 


where 


Ag{uj) := -\dw\± ”divg 


\Mj 


gradqw 


We remark that this definition of the tensor field T-L-g{uj) makes sense for manifolds 
with or without boundary. 

One may readily verify by direct computation that 


%(w) = \du)\^ (uessguj - -^(A^)6f^ 
- \du;\l 


duj ® duj — 


1 


n -I- 1 


\Ml9 


1 


+ Ag{uj) [ duj ® duj -, (4.2) 

n -|- 1 ^ 


where (®V) is the Levi-Civita connection associated to g. 

The following basic properties of 'H-g{u}), which are immediate from the definition, 
show that it is a conformally invariant version of the trace-free Hessian. 


Proposition 4.1. 

(a) Hg-iuj) is symmetric and trace-free. 

(b) 'Hg(a;)(grad^w,-) = 0. 

(c) H-gicuj) = c^'Hg-{uj) for all constants c. 

(d) If g = Og for a strictly positive function 9, then 'Hg{uj) = 9~‘^'Hg{uj) and 
Ag{uj) = 9-'^Ag{u}). 
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In the asymptotically hyperbolic setting, we make use of TL-g^uj) with uj replaced 
by the defining function p. We first note the following regularity properties. 

Lemma 4.2. Let g G ® weakly asymptotically hyperbolic metric on M 

for k > 1 and a G [0,1), and let 'g = p^g. Then 'Hg(p) G 

If furthermore g G and k > 2, then V'H-g[p) G and thus 

dWgHgip) G 

Proof. Observe that 'Hg(p) consists of terms which are contractions of 

( 5 )“^ O ( 5 )”^ O ( 5 )”^ ®g®dp®dp®dp®dp® (®V)(dp). (4.3) 

Noting that dp G Vdp G G C^’°‘(M), and observing that 

the difference tensor (®V) — V consists of contractions of (g)~^ ® Vp, the lemma 
follows from direct computation. □ 


We now show that 'Hg{p) agrees with the trace-free Hessian of p along dM if the 
scalar curvature decays to —n{n -\- 1 ) as O(p^). 

Proposition 4.3. Suppose g G ^weaif k >2 and a G [0,1). //R[ 5 r]-f ri(n-|-l) G 
then'H-g{p) extends continuously to M and satisfies 

'^gip) - (^Hessg p - -^(Agp)p^ e < 73 "^’“(M). (4.4) 

In particular IE3 holds. 

Proof. From Theorem 11.31 we have 

|dp||- 1 - -^p{Agp) G (4.5) 

Note that, as in the proof of Lemma 021 we have (®V) — V G Cf~^’“(M) and 
V ((®V) — "V) G C 2 ~^'°‘iM); consequently, d{A-gp) G Taking the dif¬ 

ferential of (14.51) we find 

Hessg p(gradg p, •) - ^j^(Agp)dp G C 2 “^’“(M). 

Since {^^)gra.d-p^P — HesSg p(grad^p, •) and dp G (^^’“(M), we may by direct 
computation verify that 


(®V) 


grad-p 


dp® dp - -^\dp\^g 


n -I- 1 
2 

u -I- 1 


(ApP) 


dp® dp -— |dp ||5 

n -I- 1 ^ 


+ (4.6) 


and 


Mp) = ff^i^9P) + cr-‘^{M). 


Inserting this information into the expression for 'H-g{p) we obtain 

Hgip) - (nessgp- ^{Agp)g^ G C 3 ^-^’“(M). (4.7) 
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On the other hand, the facts that TL-gip) consists of terms of the form (14.31) and 
that 5 G imply that 

V (Ugip) - ^Hessg p - ^ {Agp)g^ ) G (M). (4.8) 

Claim (14.41) is immediate from (14.71) and (14.81) . together with Lemma [130 . □ 

We now present the proof of Theorem ll.4l 

Proof of Theorem \1.4\ We first recall Lemma 13.11 which implies that the ultimate 
term in dm is a (2, 2) tensor field of class We proceed by showing (|aj) 

(jcj) => daj). 

The condition (jaj) immediately implies ©. Note that if h is a (1,1) tensor field 
then the contraction of first upper and first lower indices of i5® h is ^(tr h)8. 

Thus supposing that holds, we may take a contraction of dm, and then contract 
with g, to conclude that 

^Hessgp- ^^^(Agp)5^ G 

In view of Proposition 14.31 this implies (jcj). 

To see that (jcj) implies 0 we note that g G implies T-Lgip) G 

and V'Hg{p) G (M); see Lemma l42l Thus applying Lemma [231 0 with 

u = TLjip) gives the desired implication. 

Finally, assuming 0 we may use Proposition |331 together with ()1.51) . to deduce 
(jaj). □ 


5. Fredholm results 

The proof of Theorem 11.61 consists of adapting the arguments in m to the 
weakly asymptotically hyperbolic setting. The arguments in m rely on the fact 
that a strongly asymptotically hyperbolic metric g of class satisfies 

sup\\<^*g-g\\ci.«(B^)<C and sup || ($*g)“^5||co(B2) < C'- (5-1) 

i i 

An important observation is that dm holds under the hypothesis that g G 
the first estimate is a consequence of g G {M), while the second follows from 
(g)“^ G C°{M). The estimates (15.11) are a key ingredient in the proof of the 
following elliptic regularity estimates for geometric operators. 

Lemma 5.1 (Lemma 4.8 of [I?]). Suppose that g satisfies m, and let V satisfy 
part (jlj) of Assumption\^ 

(a) Suppose that /3 G [0,1), (5 G K, 1 < p < 00 , and 2 < k < 1. For each 

u G Hg’^{M) with Vu G we have u G with 

(b) Suppose that /3 G (0,1), i5 G K, 0 < a < 1, and 2<k + a<l + l3. For each 

u G Cg{M) with Vu G we have u G Cg’°‘{M) with 

The regularity estimates above can be improved if V is semi-Fredholm, meaning 
that the kernel of V is finite-dimensional and the image of V is closed. 
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Proposition 5.2. Suppose that g satisfies (EB, and let V satisfy part (jaj) of 
A ssumMion [Pl 

(a) Suppose fd G [0,1), 5 G R, 1 < p < oo, and 2 < k < 1. IfV: —>■ 

(M) is semi-Fredholm, then there exist a compact set K C M and a 
constant C such that for each u G Hg'^{M) we have 

^ (M) 11'^11■ (5-2) 

(b) Suppose that /3 G (0,1), 5 G M, 0 < a < 1, and 2<k + a<l + l3. If 

V'■ Cg'°‘{M) —>■ is semi-Fredholm, then there exist a compact 

set K Cl M and a constant C such that for each u G we have 

IKIIc^'“(m) — ^ II'^IIc^'“(a:)) • (5-3) 

Remark 5.3. 

(a) In the Sobolev case it follows from (Ol) that 

for all u G C^{M \K), which is equivalent to V being semi-Fredholm. If 
the estimate also holds with p replaced by p* = p/{l — p) and 6 replaced by 
—6, then V is in fact Fredholm; see m Lemma 4.10]. 

(b) The estimates (|5.2I) and (15.3|) are related, but not equivalent, to the “strong 
regularity intervals” o/[3]. 

(c) The only properties of V used in the proof of Proposition 15.^1 are the semi- 
Fredholm property and boundedness in the appropriate spaces. Thus for any 
compact operator 1C: IIg’^{M) —>■ IIg~‘^’^{M), the estimate (15.21) holds with 
V replaced by V + 1C. Similarly, for any compact operator 1C: Cg’‘^{M) —>■ 

the estimate (|5.3I) holds with V replaced byV + lC. 

Proof of Provosition \5.‘A We prove only the Holder norm estimate (15.31) . The 
Sobolev estimate follows from analogous reasoning; see also m Lemma 4.10]. 

We first show that sections of E supported near the boundary can be estimated 
by their distance to the kernel of V. Since V is semi-Fredholm there exists e > 0 
such that no non-trivial element of ker(P) D Cg’°‘{M) vanishes identically on the 
compact set K = M\Ce. As all norms on a finite-dimensional vector space are 
equivalent, we see that there exists c > 0 such that 

c (5.4) 

for all V G ker(P) D Cg’°‘{M). 

Let y be a topological complement of ker(P) in Cg’‘^{M) so that each u G 
Cg’°‘{M) may be uniquely written as u = mq + uy with uq G ker(P) and uy G 
Y. The open mapping theorem implies that P: T —>■ ran(P) C Cg~‘^’°‘(M) is a 
bijection with bounded inverse. In particular there exists C" > 0 such that for all 
u = Uq + Uy G Cg’°‘(AI) we have 

^ ■ (5-5) 


WEAKLY ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 


21 


Now suppose that dOl) fails. Then, setting Km = M \Ci/m, there exists a 
sequence Um G Cg’°‘{M) having unit norm and such that 

1 = ^ ITT- + \\Um\\ ■ ( 5 - 6 ) 

Writing Um = Vm + Um,Y, with Um,Y G Y and Vm in ker(7^), we conclude from (15.51) 
and (15.6|) that 




(5.7) 


Thus from the reverse triangle inequality we have, for sufficiently large m, that 


IC^“(M) ^ 


1 - 




1 

> -. 
- 2 


(5.8) 


For sufficiently large m, K C Km, and hence the Cg’°‘{Km) norm dominates the 
Cg’°'{K) norm. For such m the norm equivalence (15.41) . together with (15.61) and 
(EID, imply that 


^ '^\\'^rn\\c^'°‘ (Km) 

— elluTn II j 

< -(1 + C '). 

m 

However, this contradicts (15.8F □ 


We now turn to the proof of Theorem 11.61 and assume that g G -^l^eak 
some I > 2 and (3 G [0,1). We first verify that V is indeed a uniformly degenerate 
operator, and that the indicial map Is{V), defined in (II.IOL is a (7° bundle map. 

Lemma 5.4 (Lemmas 4.1 and 4.2 of [17]). Suppose g G ^ ^ ^ 

[0,1), and let V satisfy part ([aj) of Assu'mption\^ Then in background coordinates 
we may write 

V = a^^pdi){pdj) + b\pdi) + c, (5.9) 

where the matrix-valued functions a’’^, 6®, c extend continuously to M. 

Furthermore, the indicial map Ib{'P)'. (£'c)|g^ “t {Ec)\g]^^ is a (7° bundle map 
for each s G <C. 

Proof. The proof in the strongly asymptotically hyperbolic setting, as presented in 
m, relies on the fact that p^g extends to a metric on M. Here we present those 
modifications necessary to adapt the arguments in m to the weakly asymptotically 
hyperbolic setting. 

As V is geometric, the operator Vu is obtained from contractions of tensors 
formed from pi{^Vyu, (p(®V))'’Riem[( 7 ], g, {g)~^, and see Chapter 4 

of [TTj. It follows from the definition of 9^ (d)”^) P^^^dVg, and 

{p{^V)y Riem[p] extends continuously to M, and that 

|(p(®V))'’Riem[ 5 ]|^= C>(p) as p-)> 0. 
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Thus we focus our attention on {^VYu, and let (®-D) = (®V) — V be the tensor 
describing the difference between the Levi-Civita connections of g and h. Note that 
pYD) is a tensor field of weight 1 which is a sum of contractions of 

p{g)~^ ^'^9 and {g)~^^g^dp-, (5.10) 

the first term is in {M) C C^[M) and is 0{p) as p —>■ 0, and the second term 

is continuous on M. 

We claim for 1 < j < / — 1 that the tensor (p(®V))-^ [p(®I?)] extends continuously 
to M and satisfies 

\{pYV)y[pm]\j^ = o{p) asp^o. 

To see this, note that applying p(®V) to the first term in (15.101) yields a tensor field 
in cY~'^’^{M) C C°[M) that is 0{p) as p —>■ 0. Applying p(®V) to the second term 
in (15.101) yields contractions of 

P^)~^ ® ®'g ® (yg) ® dp and p{g)~^ ^g ^Vdp, 

both of which are in (M). The claim regarding higher derivatives follows by 

induction. 

The proof of the lemma now follows exactly as in the proofs of Lemmas 4.1 and 
4.2 in [T7]. □ 

We now extend the results in Chapter 6 of [T7], in which a parametrix for V 
is constructed, to the weakly asymptotically hyperbolic setting. The construction 
relies on an estimate for the metric using boundary Mobius parametrizations, which 
we now describe. 

Recall from that we identify a collar neighborhood of the boundary with 
dM X [0,p*). For each point p = (9,0) S 9M, let 0 = (0,p) be local coordinates, 
related to the background coordinates 0 by an affine transformation of the half 
space M" x [0, oo), such that at p the 0 coordinate representation of the metric g is 
Sij and p corresponds to 0 = (0,0). The coordinates 0 are uniformly equivalent to 
the coordinates 0. For sufficiently small r > 0, we define the boundary Mobius 
parametrization —>■ M by (0,p) = 4>r(a;,?/) = {rx,ry), where Y is the 

rectangle Y = {{x,y) | |a;| < 1, 0 < y < 1} C H. For any choice of r > 0, there 
exists a finite number of boundary Mobius parametrizations such that the {'f'j.(y)} 
cover the open set Cr = dM x (0, r) and are uniformly locally finite; this uniformity 
is independent of the choice of r. 

The following estimate of the difference — g, with respect to the intrinsic 
Holder norm on T C H, plays the role of Lemma 6.1 in m- 

Lemma 5.5. Suppose g e X’fak and let 4'r be a boundary Mobius parametrization 
as described above. Then there is a constant C > 0, independent of p, and a 
sufficiently small r, such that 

WKg - gWc^.HY) < Cr. (5.ii) 

Proof. It suffices to consider a Mobius parametrization $: i ?2 —m centered at 
some (xo,yo) G M and to estimate 

yrO^)*g-g 
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in Note that (0, p) = (4'r o $)(x, y) = {rxo + ryox, ryoy), and therefore 


o = (g„ o o $) 


d0* 0 de^ 

y2 


Note also that y is bounded above and below, and that <I> is an isometry of (H, 5 ). 

Let / be any of the component functions g^j — Sij in 0 coordinates. We seek to 
show 

\\fo{'^^o^)\\ci,p^B2) < Cr. 


Since / vanishes at 0 = (0,0), the (7° estimate follows from the boundedness of 
^sVij the mean value theorem. The Holder estimates of derivatives of /o(4'rO$) 
follow from Lemma . □ 


With (j5.11|) established, the parametrix construction of [17] follows using Lemma 
15.51 in place of m Lemma 6.1]. In particular, we obtain improved regularity of 
solutions to Vu = f. 

Lemma 5.6 (Lemma 6.4 of [I?]). Suppose g £ ^ satisfy Assumption 

m and let R be the indicial radius of V as defined in m 

(a) Suppose that /3 G [0, 1), 1 < p < 00 , 2 < k < I, |(5 + n/p — n/2\ < R, 

and \5' -\-n/p — n/2\ < R. Then for each u £ E) with Vu £ 

H^r^’P(M;E) we have u £ h'/;^{M-E). 

(b) Suppose f £ (0,1), 0 < a < 1, 2 < fc + a < Z + /3, |(5 — n/2| < R, and 
\5' — n/2\ < R. Then for each u £ Cg{M;E) with Vu £ C'^r^’“(M; LI) we 
have u £ C^I°‘{M]E). 

Subsequently, the proofs of Proposition 6.5, Theorem 6.6 and the affirmative 
portion of Theorem C in m, which corresponds to Theorem 11.61 above, proceed 
with no further modifications. We have not pursued the possibility of extending the 
negative portion of Theorem C to the weakly asymptotically hyperbolic setting. 


6. The Yamabe problem 

We now address the solvability of (11.121) . In fact, we construct positive solutions 
to the more general Lichnerowicz-type equation appearing in general relativity (see, 
for example, i): 

71 — 1 

— yl(^“(3rt+l)/(rt-l) _ j^^-(n+l)/in-l) ^ ~ ^ ^(n+3)/(n-l) ^ 

where A, B are non-negative functions. Solutions to (11.121) can then be obtained 
by taking A — 0 and B — 0. 

In order to address the solvability of we first use Theorem ll. 6 l to establish 
an existence result for linear scalar equations. We remind the reader that our sign 
convention for the Laplace operator is opposite to that of m- 

Proposition 6 . 1 . Suppose that g £ ^ ^ and j3 £ (0,1). Let fc G N and 

a £ (0,1) satisfy 2<k + a<l + l3. Suppose also that k £ for some 
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(7 > 0, and that c is a constant satisfying c > —n‘^j4 and c — k > 0. Then so long 
as 






( 6 . 2 ) 


the map 




is invertible. 

Furthermore, if p^g G C'phg(-^); P~'' f ^ some v > n/2—-^71^/4 + c, 

and K is a polyhomogeneous function {which necessarily vanishes on dM), then the 
unique function u G Cg’°‘{M) such that 


AgU + {k — c)u = f 


(6.3) 


is polyhomogeneous and satisfies the following boundary regularity conditions: 

• Ifu>n/2+ + c, then p-”/2-V"V4+c „ g C°^^{M). 

• If {v — n/2\ < + c, then p~'^u G C'pjjg(M). 

9 If 1 / = n/2 + \Jn^ jA, + c, then p~>^u G Cpjjg(M) for all p <v. 


Proof. Since k G ‘^’°‘{M), multiplication by p is a continuous map 

Cg~^'°‘{M) ^ Cg~^'°‘{M). (6.4) 

By the Rellich Lemma [m Lemma 3.6(d)], multiplication by p’^ is a compact op¬ 
erator 

C’f-°‘{M) (6.5) 

Thus multiplication by k, as the composition of a continuous operator and a com¬ 
pact operator, is a compact operator 

Cg'°‘{M) -)■ Cg~^'°‘{M). (6.6) 

The Laplacian Ag is well known to be a formally self-adjoint elliptic geometric 
operator. From Corollary 7.4 of m we have that the indicial radius of Ag — c is 
yjv? jA: F c. Hence 

Ag - (c - k) : (M) ^ (g j) 

is Fredholm of index zero so long as (16.21) holds. To show that Ag — (c — k) is 
invertible, it is sufficient to verify that the kernel is trivial. Suppose, therefore, that 
V is in the kernel; by Lemma ISTl we have v G Cg^{M) for all S satisfying (16.21) . In 
particular, v has sufficient decay that we may integrate by parts to conclude 

0 = /* {\dv\l-\-{c-K)v‘^)dVg, 

Jm 

from which we deduce that w = 0. Note that in the case c — k = 0, we must have 
c = 0 and thus i5 > 0 by (1571) : since the only constant function in Cg’°‘{M) is the 
zero function, we find = 0. 

Suppose now that p^g G C'pi^g(M). If / is a polyhomogeneous function with 
p~'^f G C'pjjg(M), then / G C^’°‘{M) for all fc G Nq and a G [0,1). Thus (16.31) has 

a unique solution u G C^’°‘{M) for all 0 < d < satisfying (16.2L and for all k >2. 
Theorem lA. 141 ensures that the solution u is polyhomogeneous. 

The boundary regularity follows from inserting the expansion (IA.2I) of u into 
(16.31) and carrying out a formal asymptotic computation using Lemma IA.7I If v is 
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in the Fredholm range, then u has the same behavior as /, but if / asymptotically 
decays as p"/2+\/^iV4+c jg resonance, leading to terms with logarithms. 

Finally, if / decays faster than p"/2+\/»i^/4+c^ then the leading behavior of u is 

pn/2+^nyi+c^ 

as such terms are annihilated by the indicial operator of Ag. □ 

In order to construct solutions to (EH), it is useful to first make a conformal 
change of the metric so that it has negative scalar curvature. 

Lemma 6.2. Suppose that g G ^ — 2 and /3 G (0,1). Then there exists a 

positive function Ip with ip—\ G such that the scalar curvature of g 

is strictly negative. 

Furthermore, if p^g G then ip G C'phg(-^)- 

Proof. Since g is weakly asymptotically hyperbolic. Theorem 11.21 implies that the 
scalar curvature satisfies R[(;] + n{n + 1) G (M). Using a smooth cutoff 

function, we may construct a function R such that R + n{n + 1) G , such 

that R < min (R[ 5 ] — p^, —1) on M, and such that R[g] — R G Applying 

Proposition EH] with n = {{n— l)/4n)(i?— R[( 7 ]) and c = 0, we obtain the existence 
of a function u G C\’^{M) satisfying 

- ^(R[5] - R)u = ^(R[5] - R)- 

Thus Ip = 1 + u satisfies Agip = ((n — l)/4n)(R[5] — R)ip. As R[( 7 ] — R> p^ > 0 
on M and ip\gf^ = 1, the strong (Hopf) maximum principle implies ip > Q. Thus 
from (11.111) we have 

= (^--^^AgiP + R[<?]V'^ ^-(’^+3)/("-i) = < 0. (6.8) 

In the case that p^g G the regularity of ip follows from the latter part of 

Proposition 16. II □ 

Remark 6.3. If g G for I > 2 and (3 G (0,1) and ip is a positive function 

with Ip — 1 G C[’^{M), then ip‘^R'^~^^g G as well. 

We now address the solvability of EH, following the standard method of super- 
and subsolutions [15]; see |5] and |4] for a related discussion in the asymptotically 
hyperbolic setting; see |9], and the references therein, for analogous treatments in 
the compact and asymptotically Euclidean settings. 

Proposition 6.4. Suppose that g G for I > 2 and jS G (0,1). Suppose 

furthermore that A, B G {M) are nonnegative functions. Then there exists a 

unique positive function (p with (p — 1 G satisfying (EH- 

Furthermore: 

(a) If g G with R)^] + n{n + 1) G and A,B G ^'“^’^(M), 

then (p — \ G (^^’^(M) and thus G -^wfak- 

(b) If p'^g G and p-‘^A,p-‘^B G C°y^g{M), then p G C'pj,g(M) and thus 

p2^4/{n-l)g g 

We remark that if g is smoothly conformally compact, the solution p may nev¬ 
ertheless be polyhomogeneous, rather than smooth, on M; see [Ij. 
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Proof. It follows from Lemma[62]that there exists a positive function ip with fj—lG 
such that < 0, and from Remark lG^ that g G 

Setting 7 = g, a = •!/;“4(n+i)/(n-i)^^ ^ _ ^- 2 (n+ 2 )/(ri-i)^ easily 

verify that a function 9 satishes 


Aj9 = F[9) 


-—- R[7]6I - a6<-(3"+i)/(’^-i) 

4n 

— ^ ~ ^ g(ra+3)/(n-l) 

4 


(6.9) 


if and only ii p = ipO satisfies (16.11) : we further require 1 0 > 0. Note 

that while F: M x {0, oo) —>■ K, we suppress explicit dependence on M. Note also 
that any function v with v = 1 + 0{p) satisfies F{v) = 0{p) as p —)> 0. 

We show that there exists a solution to (16.91) by constructing barriers. We hrst 
note that there exists a constant C > 0 such that 


-C<R[7]<-i 


and 0 < a, 6 < C. 


Thus there exists a constant m* G (—1, 0) with F{1 + u*) < 0. 

Without loss of generality, we may assume that A.^p < 0 on M; see the con¬ 
struction in [TOl Section 4.1]. Since R[ 7 ] = —n{n + 1) + 0{p) and R[ 7 ] is strictly 
negative, there exists a constant iV > 0 sufficiently large so that 

(1 - , Rh] when p < IVb 

n{n F 1) 

Thus 

A.y(l — Np) > 0 > F(1 — Np) when p < N~^. 

A similar argument shows that we may furthermore choose A > 0 such that 


A.y[l + Np)<{)<F{l + Np) onM. 

Since {x,u) i—>■ J^(l-|-it)(a:) and {x,u) i—>■ ^F(l-|-M)(a:) are continuous functions on 
M X [zi*,maxM(l+Ap)] we can choose A > 0 sufficiently large so that i^(l-l-M) < Au 
and ^A(l -|- u) < A on that domain. 

Define G{u) = F{1 + u) — Au; note that G{u) is monotone decreasing in u and 
that dSH) is satisfied by 6( = 1 -I- u if and only if u satisfies 

AjU — Au = G{u), It > —1. (6.10) 

Fix S G (1/2,1) and note that if z; G Gg’^(M), then G(v) G Cg’^(M). Thus 
by Proposition 16.II we may define a sequence of functions {uz}°Zo ^ C'|’'^(M) with 
uq = N p and 

A^Mi+1 - Aui+i = G{ui), i G No. 

Since 

(A^ - A){Np) < G(Ap) and (A^ - A)(zx*) > G(m*) 
and G is monotone decreasing, the maximum principle implies that 


Np >Ui> Ui+i > u* z G Nq. (6.11) 

If p < N~^ then we have (A..^—A)(—Ap) > G{—Np). Using the maximum principle, 
together with the lower bound in (I6.11L we conclude that 

Np > Ui > max {—Np, zt,) 


for all z G Nq. 


( 6 . 12 ) 
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For any p > n/{l — S), we have p S Hg'^{M) for all A: S N; see [13 Lemma 
3.2]. Thus the Ui are uniformly bounded in Hg’^{M). The monotonicity of G then 
implies that G{ui) is uniformly bounded in as well. Thus we may apply 

elliptic regularity to conclude that the Ui are uniformly bounded in Hg’^{M). 

Note that if we also choose p such that p > (n + 1)/(1 —/3), then we have 
C see [13 Lemma 3.6(c)]. Thus is uniformly 

bounded in i and the Rellich Lemma m Lemma 3.6(d)] implies that for any 
choice of 6' S (1/2, d) we may pass to a subsequence, which we also denote {ui}, 
that converges to some u S Ggl^{M). From (16.121) we have u S Ci(M). The elliptic 
estimate of Lemma 15.11 implies 

thus {ui} is Cauchy in whence u G Ggl^{M). 

For any smooth, compactly supported test function w we have 



{uA^w - 

-F(l + it) 

w) dV^ 

= lim 

/ {uiAjW 

— F{1 + Ui)w) dVy 

z—>-oo ^ 

Im 

= lim 

1 {A^Ui — 

-1^(1 + Ui)) w dVy 

i—^co ^ 

Im 

= lim 

[ {A{ui - 

Ui-l) + 1^(1 + Ui—i 

2—fOO ^ 

Im 

= 0. 




) - F(1 + Ui))wdVj 


Thus u £ Gg;^{M) n Ci{M) is a weak, and hence strong, solution to (16.101) . 

To see that u G C'J’^(M) we note that 

A.yU — (n + l)it = / 

where 

/ = (R[7] + n{n + 1)) (1 + u) - a(l + u)-(3»+i)/("-i) 

4n 

-6(l + u)-(’^+i)/("-i) + 

Since 5' > 1/2 we have / G G/’^{M). Thus Lemma [5.61 implies that u G Cj’^(M). 
Consequently, </ = '0(1 + u) satisfies (16.11) and 0 — 1 G G[’^{M). 

In the case that g G ^’^d R[g] + n{n + 1) G G 2 ~‘^’^{M) we set u> = 0 — 1 

and note that w G G[’^{M) and that w satisfies 

AgW - {n+ l)w = /', 

where 


(l + „)(-+3)/(n-l)_^_!i±3^ 

n — 1 


f = -—- (R[g] + n{n + 1)) (1 + w) - ^(1 + u>)-(3"+i)/("-i) 
An 


-B(l+u;)-("+i)/(”-^) + 


— 1 


(l + ^(;)(’^+3)/("-l) _ 1 _ 


n + 3 
n — 1 


■ w 
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liA,B S then /' S C 2 ~‘^’^{M) and hence we conclude that w S ^(M) 

as desired. _ 

To show uniqueness we follow the argument in : Suppose that (j) both 
satisfy (16.111 and </> — !,</) — 1 G Setting 7 = 9 = 

a = ^-An+l)/{n-l) I ^ ^_2(„+2)/(n-l)^^ 


A7(6I - 1) = F{9) := -—- R[7]6» - h6l-(3"+i)/(’^-i) 


An 


— 1 


^(ra+3)/(n-l) 


= —a ^ 0 -An+l)/{n-l) _ _fj ^ 0 -{n.+ i)/{n-l) _ ^ 
'(ra+3)/(n-l) _ ^ 


(6.13) 


— 1 


where in the second line we have used (16.Sp and the fact that </> satisfies (EU. Since 
9 > 0, for any real number r we have 


0^-1 = {9- l)fr 


for some function fr with the same sign as r. Therefore, we may express (16.131) in 
the form 

A^{9- 1) - (c- k)(0- 1) = 0, 

where k is a. (M) function and c = (n + l)(n + 3)/4 is a constant with c>k. 

Thus we may apply Proposition 16 .1 1 to conclude that 0—1 = 0. 

Suppose now that p^g G C'pj^g(M) and p~^A,p~'^B G C^yis{M). Then ijj G 
C'pjjg(M) and iteratively applying the elliptic regularity estimates of Lemma EH] 
implies that ()> — 1 G C^{M). From Proposition lA.lSl we have that 9, and thus (p, 
is polyhomogeneous. It readily follows from a straightforward asymptotic compu¬ 
tation that (j) G (7pijg(M). □ 

In the case that g G Proposition 16.41 only implies 

under the condition that R[g] -|- n{n -I- 1) G (72~^’“(M). To remove this condition, 
and thus complete the proof of Theorem 11.71 we use the following lemma. 


Lemma 6.5. Suppose g G k >2 and a G [0,1). Then the confor¬ 
mal class of g contains a representative g G such that R[^ -I- n(n -I- 1) G 

Furthermore, g can be chosen so that g t-^g is a locally Lipschitz map 

yyk,a-2 , yyk,a-,2 


^weak 


^weak ’ 


Proof. Let g G for k > 2 and a G [0,1). We seek a positive function 

9 G ‘^^’“’^(M) such that 9\gj^ = 1 and B[9~'^g\ + n{n -I- 1) G (^^"^’“(M). Due to 
Theorem II.31 it suffices to show that 

Fi9) := \d{9p)\l-l - -^{9p)Agi9p) G 
“ n -I- 1 

Note that F(l) = /, where / is defined by (13.311 . and that g 1 -^ f is locally 
Lipschitz continuous as a map —>■ By Theorem 12.61 there 

exists / G such that / — / G C 2 ~^'°‘{M)-, furthermore, g ^ f is locally 

Lipschitz continuous as a map 
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Let [0,1] be a smooth cutoff function with x = 1 on (—l/3,oo) and 

suppx C (—2/3, oo). Define 

w = - 7 -— f and w = y(w)w, 

and set 9 = 1 + w. Direct computation using Lemma 13.21 shows that 

= f + 2w+ {dp, dw)^ + 

e C2~^'°‘{M) 

as desired. Finally, as x 1 —>■ x~^ is Lipschitz continuous on [1/3, 00 ), the map 
g I—>■ 6~^g is locally Lipschitz continuous as claimed. □ 

Corollary 6.6. Suppose g G some k > 2 and a G (0,1). Then there 

exists a positive solution </> to (16.11) sueh that G -^weak^- 

Proof. From Lemma 16.51 there exists positive function 'if G such that 'g = 

^4/(n-l)^ G -^weaif ^[51 + ~ 1 ) ^ 

Settin^I = and B = ^- 2 (n+ 2 )/(n-i)^ 

function (f satisfies 

ri — 1 

^ 9 '/' = 

if and only ii (f = ifip satisfies (lO) . From Proposition I6.41iai) there exists </ G 
1 +C' 2 ’“(M) satisfying this equation and such that G ^^eak^- 

□ 

Proof of Theorem |1.7| Suppose that g G ^^weak^ unique solution 

to (11.121) provided by Proposition 16.41 As (f — 1 G we have (f G 

and thus g = G ^^/“k = —n{n + 1). 

In the case that g G ^^eak^j result is a consequence of Corollarv l 6 . 6 l Finally, 
in the case that g is poly homogeneous, the polyhomogeneity of (f, and hence g, 
follows from Proposition 16. dllbl) . □ 

Appendix A. Polyhomogeneity and boundary regularity 

Our purpose in this appendix is to give a self-contained account of the boundary 
regularity of solutions to equations of the form 

Vu = f (A.l) 

in the polyhomogeneous setting; here 7^ is a linear geometric operator acting on 
sections of tensor bundle E arising from a metric g that is polyhomogeneous in the 
sense defined below. We further assume that V satisfies Assumption |Pl Many of 
the methods employed here have been used elsewhere to obtain related results; we 
note in particular [5], [19], [ 20 ], [ 22 ], and [23]. 
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A.l. The conormal and polyhomogeneous spaces. We first define conormal- 
ity classes for tensor fields on M using the collection of smooth vector fields on 
M tangent to the boundary dM. In background coordinates 0 = (0*,/9), a vector 
V £ % can be expressed as V^dgi + V^pdp where V’', are smooth functions 
on M. Define A{M) to be the class of smooth tensor fields u on M satisfying 
Cvi ■ ■ ■ £ L°°{M) for any finite set {Vi, ..., 14} C %. 


Remark A.l. Direct computation shows that u £ A{M) if and only if in any 
background coordinate chart {lA, 0) the functions expressing u in terms of the ‘nor¬ 
malized’ background coordinate frame {pde^} and associated dual frame {p~^dQ^} 
extend to elements of A(M). 


For 5 G K we set As{M) = {^^^gp*A{M) and A-aoiM) = We 

emphasize that p^A{M) is a proper subset of As{M)\ see Remark lA.41 below. Sec¬ 
tions of class A-oa are called conormal, classes analogous to A, As, and A-oo 
have been employed elsewhere; see e.g. [H], [50], [55], [55] . 

We now define an important subset of A-cx{M), the polyhomogeneous sections. 
First, we consider functions on a background coordinate chart {IA,Q). We say a 
complex-valued function / is polyhomogeneous on U if 

(a) there exist sequences Si £ C and pi £ Nq with Re(si) non-decreasing and 
diverging to -l-oo as i —>■ oo, 

(b) there exist smooth functions f ip(9), p = 0,... ,pi, defined on an open neigh¬ 
borhood of U, and 

(c) for each k £ N there exists N £ N such that 

N Pi 

/-EE p‘''{\ogpffip £ P^A{U), 

2 = 0 p—0 


where we extend each to functions on lA that are independent of p. 


In this case we write 


OO Pi 


p^'(log pY f,p. 

2 = 0 p—0 


Denote by Aphg(Z^) the collection of polyhomogeneous functions on lA. We remark 
that this definition is somewhat more general that those used in [3], i, m, where 
Si are assumed to be real; see [20]. 

We call a smooth section u of tensor bundle E on M polyhomogeneous if in each 
background coordinate chart {lA, 0) the functions that describe the components of 
u with respect to the normalized background coordinate frame (see Remark lA.il) 
are in Aphg(lA) and if the sequences {s^}, {pi} are the same in each chart. Thus in 
each background coordinate chart, we may write 


OO Pi 

-EE Y*-Y\og pYuip (a.2) 

2=0 p =0 


for some matrix-valued functions Uip] here r is the weight of the bundle E. Note that 
in fact these matrix-valued functions are the expression in coordinates of smooth 
sections of 

Let AphgiM) denote the collection of polyhomogeneous tensor fields. Note that 
Aphg{M) C A-ooiM); see Lemma JAA] below. 
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It is sometimes convenient to restrict attention to polyhomogeneous fields with 
exponents Si in a particular set; thus for ^ C C we denote by Api^g{M) those 
elements of ^phg(-M) for which the expansion (IA.2I) has {si} C S. 

We set C%l(M) = n ^phg(M). 

Remark A.2. The factor of p~‘^ in (jA.2p is motivated by the fact that if the tensor 
bundle E has weight r then sections u satisfy \u\g = p'^\u\g. This convention implies 
that if a tensor u has expansion (jA.2ll then |M|g behaves as for p 

small, see nart iiaii ot Lemma 1^4. 51 belovj, Ike further note that u ^ 
precisely if the functions describing u in any background coordinate chart 0 ) 
are in 

Remark A.3. 

(a) It follows directly from the definition that if u G Aphg(Af) then for any 

5 G K one may choose a finite set S' C C such that u = with 

G ^phg(A^) and u’'"™ G As{M). 

(b) Observe that polyhomogeneous expansions are unique in the sense that if 

u = with wP*'® G Aphg(Ar) and n’’®™ G As{M) for some (5 G M, 

then the tensors Uip of the terms p®* (log p)Puip with Re(si) < <5 are uniquely 
determined. 

Remark A.4. It is helpful to have some examples to distinguish the various regu¬ 
larity classes above. 

(a) // s G C then for any I G N we have p®(logp)* G As{M) if 6 = Re(s), but 
p®(logp)^ is not in p^A{M). 

(b) Furthermore, p®(logp)* is polyhomogeneous, but is in onlyifRe{s) > 

k a. 

(c) Finally, if s > 0 and v G C°°{M) is not constant along dM, then the 
function p^ sin {v logp) is an element of both As{M) and Cq’°‘(M) for all k 
and a, but is neither in p^A{M) nor in AphgiM). 

The following lemma records several important relationships among these regu¬ 
larity classes. 

Lemma A.5. 

(a) If u € AphgiM) with leading exponent sq in expansion (IA.2I) . then u G 
As{M) for (5 = Re(so)/ thus 

-^phg(Af) C A—oo{M)- 

(b) If a € [0,1) and 5 G M then for tensor fields of weight r we have 

Aphg(M) n c p^A(M) n p^-’'C°hg(M). 

(c) If k G No, a G [0,1), and S' < S, then 

AsiM) C p^'A{M) C CgCiM). 

(d) If k gNq and a G [0,1) then for tensor fields of weight r we have 

ci^^m c 

(e) If uG CpYigiM) then there exists 7 G (0,1) such that u G Cp^^{M). 
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Proof. The first claim follows from Remarks IA.4I and IA.31 

To prove the remaining claims, first observe that in the image of a Mobius param- 
etrization <i>pp the defining function p is comparable to po = p{po) and y) \ = 

p5|u(6»o + pox,poy)\-, thus for scalar functions \dy<P*J{x,y)\ Ri \pdpf\g,(^^yy etc. 
Claim then follows by noting that the weight S places restrictions on the leading 
exponent of the polyhomogeneous expansion; Holder continuity implies that there 
can be no “leading log term” and thus p~^^^u extends continuously to M. The third 
claim follows from the definitions of the spaces involved, while direct computation 
shows that C and the fourth claim follows from considering 

Mobius parametrizations as above. 

The final claim is due to the discreteness of the sequence {s^} appearing in the 
polyhomogeneous expansion of u. □ 

The following is an immediate consequence of Lemma lA.SHbldl) and Proposition 

0 

Corollary A. 6. Suppose that g € is a Riemannian metric on M for 

some m > 1, and that \dp\-g = 1 along dM. Then g = p~^'g G 
k > m and for all a G [ 0 , 1 ). 

Conversely if g G -^weak™ some m > 1 and g G Aphg(Af), then g = p^g G 

A.2. Analysis of the indicial operator. We now restrict attention to the case 
where g G H Aphg(M), and thus g = p^g G C'^^^{M), and investigate the 

boundary regularity of solutions u to (lA.ll) . 

We first construct from the indicial map IsiR), defined in (11.101) . a differential 
operator which, in the polyhomogeneous setting, approximates V in the p direction; 
see Lemma [A. 71 below. Following ^0], we define the indicial operator I {V) to be 
the unique dilation-invariant operator on dM x (0,oo) satisfying p~^I{V){p’^u) = 
Is{'P)u for all smooth sections u of 

In background coordinates 0 = {0,p), in which V takes the form (jl.9|l . we have 
by direct computation that 

IsiV) = {s'^a + sb+ c) , (A.3) 

where we have set a = b = ^ = ^lp= 0 ' Thus the operator I{P) 

is given by 

I{V) = a{pdpf+ b{pdp)+ c. (A.4) 

We emphasize that the coefficient matrices a, b, c are the expressions in coordinates 
of endomorphisms of E\qj^ and thus are functions only of 0 ; we furthermore note 
that the ellipticity of V implies that a is invertible. 

Identifying, as above, the collar neighborhood C with dM x (0, p*) we extend I{V) 
to an operator XifP) on M by choosing a smooth cutoff function p: (0, 00 ) —>■ [0, 00 ) 
satisfying tp = 1 on (0, \pC\ and tp = 0 for p > |p* and setting XifP) = (pI{P). 
We furthermore define TZ — V — X{V). The operator XifP) approximates V in the 
following sense. 

Lemma A. 7. Suppose that g G .^^g“^^nAphg(Af), and thatV satisfies Assumption 
m There exists 7 G (0,1] such that if u G As{M) for some d G R, then TZu G 
As+-f{M). 
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Proof. It suffices to work in that portion of a background coordinate chart {U, 0) 
where 2i(P) = I{P). The claim then follows from carefully examining the back¬ 
ground coordinate expression (HH) of V, which is a sum of 

(a) terms of the form p f {pdp)'^dg\ ... where 1 < h + ■ ■ ■ + Im and h -b 
■ ■ ■ + Im + k < 2 and / S A{U), and 

(b) the operator -b hP{pdp) -b c. 

Operators of the first type clearly map AsiU) to As+iifA). The polyhomogeneity 
of g, and thus of the coefficients of V, implies that for some 7 G ( 0 , 1 ] we can write 

= a + p'^a, = b + p^b, c = c + p'^c, 

with a,b,c G A{U) and a, 6 , c as in (IA.3|) . Thus aPP{pdpY + b{pdp) + c = I{V) + J, 
where J takes As{U) to As+'y(!^) for all <5 G R. □ 

Remark A. 8 . We remark that if {si} is the sequenee of exponents appearing in the 
poly homogeneous expansion of the coefficients ofV, then the constant^ appearing 
in the lemma is simply a lower bound on the “first gap” in the sequenee {Re(si)}. 

The previous lemma suggests that the boundary behavior of solutions to (jA.lIl 
can be understood by studying XifP). We proceed by first showing that on the 
collar neighborhood C of 9M, X{V) is comparable to the corresponding operator 
in hyperbolic space. To this end, denote by E the tensor bundle over (H, g) corre¬ 
sponding to the same representation of 0{n -b 1) as E, and define P = P[g] to be 
the geometric operator on E given in coordinates by the same formula as P. The 
operator P is invariant under isometries of (H, 5 ); thus the indicial map Is(P) is 
translation-invariant along { 1 / = 0}. Consequently the characteristic exponents of 
P and their multiplicities, as well as the coefficients (in Cartesian coordinates) of 
the indicial operator I{P), are constant as well. 

Lemma A.9. Suppose g G -^^eak^ ^ satisfies Assumption\^ 

(a) The eharacteristie exponents ofP and their multiplieities are constant along 
DM, and agree with those ofP. 

(b) Assume that G CfdM). Then for each of the finitely many eoordinate 
charts (U, 9) on dM used to construct the background coordinate charts there 
exists an invertible matrix S G CfU) such that on U we have 

IfiP) = S-^Is{P)S. 

(c) Assume that glg^ ^ C\dM), and let {U,9) and S be as in point ([b| above. 
Then the restriction of I{P) to U x (0,oo) satisfies 

I{V) = s-^i{p)s. 

Proof. The first claim is the content of Lemma 4.3 of [HI, the proof of which we 
summarize here. First, fix p G 17 C dM and use 9 to identify U with an open subset 
of R." = {p = 0} C H. Through an affine change of coordinates 9, we may arrange 
that p corresponds to the origin and that = Sij there. 

The proof of the first claim follows by showing that Is{P) = Is(P) at the origin. 
This, in turn, is obtained by carefully examining the various types of terms which 
may appear in a geometric operator and showing that for each type the difference 
between a term arising from g and the corresponding term arising from g has 
vanishing indicial map. For example, the difference tensor V — V has components 
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= p ^djp{g^^gi.i — S^^Ski) + 0{p), and thus the fact that = 6ij at the origin 
implies that the map u i—>■ pVu — pVu vanishes there. 

The second claim relies on observing that the aforementioned affine change of 
coordinates is based on the Gram-Schmidt algorithm and therefore consists of ra¬ 
tional functions of the components of gl^M- Thus at each point the matrix taking 
the background coordinate frame to the standard Cartesian coordinate frame is as 
regular as the metric 

The third claim follows from the coordinate expressions for the indicial map 
(IA.3|) and for the corresponding indicial operator (IA.4I) . □ 

The previous lemma allows us to understand, in the polyhomogeneous setting, 
solutions to X{V)u = / if / vanishes near the boundary. Let C C C be the (finite) 
collection of characteristic exponents of V . 

Lemma A.10. Suppose g G bl-Tphg(M), and suppose that V satisfies As- 

su'mption\^ If w G C°°{M) satisfies I{V)w = / with f vanishing on the eollar 
neighborhood Ca for some a G (0,/9*), then w G ■A^^^i.AI), where r is the weight of 

w. 

Proof. It suffices to work in that part of the background coordinate chart (W, 0) 
where I{V) = I(fP) and f = 0. Working in coordinates, we view w as a matrix¬ 
valued function; note that this involves a shift by r in the set of exponents in 
polyhomogeneous expansion of w that we construct; see Remark I A. 2 1 

In view of Lemma lA.91 we have that I{V)w = 0 precisely if u = Sw is a solution 
to 

I{V)v := d{pdpYv + hpdpV -I- cu = 0. (A.5) 

Note that the polyhomogeneity of g implies that 'g\gM ^ C°°{dM) and thus S is 
smooth. 

We now analyze (IA.5I) . expressing it as the first order system 

pdpV = Av (A.6) 

by introducing the auxiliary variable w = pdpV and setting v = (v^wY; here A is 
the matrix of constants given by 



The eigenvalues of A are precisely the characteristic exponents of P which, in 
view of Lemma [A.91 agree with those of V. All solutions to (IA. 6 I) take the form 
V = exp(A log p)vo, where Vq = vo(0) is free. The entries of the matrix exponential 
exp(Alogp) are easily seen to be linear combinations of /o'*(log with s G C and 
non-negative integers k less than the dimension of E; this follows from analyzing 
the exponential of the Jordan form of A (see, for example, Chapter 3 of [24] 1. 
Consequently, if the free data Vq is smooth in 9 then the corresponding homogeneous 
solution lies in ApY^^ifA). Finally, note that u, the first component of v, satisfies 
I{V)v = 0, and thus w = S~^v G Aphg(W) is the corresponding solution to I{V)w = 
0. Adapting the expansion to the normalized background coordinate frame yields 
the result; see Remark lA.21 □ 


We now define an operator Q which we use below to study solutions ioX{V)u = f. 
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Proposition A.11. Suppose g G ^ -^phg(Al), and suppose that V satis¬ 

fies Assumption\^ and has characteristic exponents C Q C. Then there exists an 
operator Q : C°°{M) —>• such that 

(a) for a G (0,p,/2) we have that 

(i(P)oc;)(/)lc„ = /lc„, 

(b) for any S G ^ we have that f G As{M) implies Gif) G AsiM), and 

(c) for any S C C we have that f G A^^^iM) implies Gif) G , 

where r is the weight of tensor field u. 

Proof. Let ip be the same cutoff function used to define 2i(P). Restrict / G C°°iM) 
to C, which we identify with dM x (0, p*), and extend ipf to /, smoothly defined on 
dM X (0, oo), by / = 0 for p > p*; note that / agrees with / on Ca for all a < p*/2. 

We now consider IiV)u = / as a second-order linear ordinary differential equa¬ 
tion in p. Existence of a unique, smooth solution m, defined for all p > 0, satisfying 
“lp=p. = 0 dpu\p^p^ = 0 is guaranteed by the classical Cauchy-Lipschitz- 
Picard-Lindeldf theorem. 

Note that u = 0 for all p > |p,. Thus restricting u to C and then extending 
trivially we obtain u G C°°iM) such that 

^'P)n\e^ = f\c. 

for all 0 < a < ip*. Defining G hy f u = Gif), the first claim of the proposition 
holds by construction. 

In order to verify the remaining claims, it suffices to study the behavior of Gif) 
in that portion of a background coordinate chart (W, 0) where 2i(P) = liP)- To 
this end, with U = U x (0,p*), we study IiV)u = f on U x (0, oo). 

As in the proof of Lemma lA.lOl it suffices to study the model problem /(P)!; = /, 
where v = Su and / = Sf for smooth S = 5(0). We write the model as the first 
order system 

p5pv = Av -f f (A.7) 

with V and A as before, and f = (0, d“^/)‘. The solution to (IA.7I) corresponding 
to u must satisfy = 0 and thus is given by 

rp I 

v(0,p) = exp(Alogp) / exp (—Alogcr)f(0 , ct)— dtr. (A.8) 

P* ^ 

In order to establish the second claim it suffices to consider the derivatives dpiV 
and pdpV, as well as higher-order derivatives ipdpyidg)^v. That these are bounded 
by the corresponding derivatives of / follows from the translation invariance of A 
and a, and the identity p9pV = Av -|- f. 

In the polyhomogeneous setting it suffices to understand the structure of (IA.8I) 
in the case that A is a single Jordan block si -|- N, where s an eigenvalue of A and 
N is nilpotent, and that S is finite. In this case exp (At) is an upper-triangular 
matrix with along the diagonal and entries of the form e^^pir), with p some 
polynomial, above the diagonal. Taking r = log p it is straightforward to verify 
that if / G -^phg(-^)i hence f G A^^i^ipl), then v G A^if^ifA). The third claim 
follows from adapting the expansion to a normalized frame. □ 

Remark A.12. Lemma \A.10\ and Provosition I A. 7 II imvlv that ifIiV)u = f, then 
u = Gif) + w, where w G A^^f^iM) and Ii'P)w G AsiM) for all J G K. 
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Remark A.13. As is evident from the proofs of Lemma lA. 1 0\ and Provosition \A. iR 
the presence of logarithms in expansions of solutions toX{V)u = f is a consequence 
of the algebraic structure ofV, and the exponents appearing in the expansion of f. 
In particular, logarithms appear either if two characteristic exponents differ by an 
integer, or in the resonant case, if the expansion of f includes a characteristic 
exponent. 

A.3. Boundary regularity. In this subsection we prove the following boundary 
regularity theorem. 

Theorem A.14. Suppose that g G bl-4phg(M), V satisfies Assumvtionl^ 

and that f is polyhomogeneous. Suppose a G (0,1) and |i5 — ^| < R, where R 
is the indicial radius of V. If u G is a solution to Vu = f, then u is 

polyhomogeneous. 

We divide the proof of Theorem IA.14I into two steps, showing first that u is 
conormal and subsequently that it is polyhomogeneous. Conormality is established 
by showing that, for V G C,vu is in the same weighted Holder space as u. As 
TM has weight —1, commuting Cy into the equation Vu = f leads to a loss of 
weight; this loss can be recovered using Proposition 15.61 if the indicial radius R is 
greater than 1/2; see e.g. [SHH]. Here we follow an alternate approach, obtaining 
bounds on Cy by estimating difference quotients via Proposition [5^ cf. [4]. 

For V GYb, denote by 'f'yie) : M ^ AI the diffeomorphism obtained by flowing 
along integral curves of V for time e. Since V is tangent to dM, and since M 
is compact, for each V G Yb there exists some e* > 0 such that fjy{t) is defined 
when |e| < e*. Define the difference operator, acting on a tensor field u, by AyU = 
ipy{e)*u — u; thus 

CyU = 

de 

We record some elementary facts regarding difference operators; while stated for 
V GYb, they hold for any vector field V, provided Ay is well-defined. 

Lemma A.15. For each V GYb there exists e* > 0 such that we have the following. 

(a) For each k > 1 there exists a constant C such that for all u G Cg{M) we 
have 

for all e G (0, e*]. 

(b) For any k > 1 and for any compact set K Q M there exists a constant C 
such that if u G Cg{M), then we have 

II< eClIulIcKjvf) 

for all e G (0, e*]. 

Proof. For any tensor field w, we may integrate Cyw along the flow associated to 
V, obtaining 

AyW = [ 'ify{a)* (Cyw) da. (A-9) 

Jo 

This implies that ||Ayri;||( 70 (M) < £C\\Cyw\\co(M)- The first claim then follows 
from differentiating (IA.9I) in background coordinates and observing that \Ayp\ = 


A\rU 

e 
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0(e), while the second claim is a consequence of p\j^ being uniformly bounded 
away from zero. □ 

The following commutator estimates rely essentially on V being in 

Lemma A. 16. Suppose that (M, g) and V satisfy the hypotheses of Theorem ] A. 14\ 
and that V G "fb- Furthermore, let k > 2. 

(a) Let e* > 0 6e as in Lemma \A.15[ Then for any u G C'g(M) we have 

II 1’^: w|IcJ’-2(m) ^ £^C'||u||<^fc(M) 

for all e G (0, e*]. 

(b) The commutator [P, Cv\ is a uniformly degenerate operator and thus for 
any u G Cg(M) we have ['P,£v]u G C^~^(M) and 

\\\P,Cv]u\\Qk-2^j^-^ < C'ljullpfe^jy^^. 

Furthermore, if k > 3 and Wu G Cg~^{M) for all W G Fh, then 

\\Cw[P, £v]u\\ck-3(^tj) < C'||M||cfc(M)- 

Proof. In background coordinates we have 

- df,ipv{e)°' \ = 0{£), |5^5i.V'y(e)“| = 0{e), 

etc.; see the proof of Theorem D.5 in m- Directly inspecting the background 
coordinate expression of 

[V, Af,] u = V {'ipv{s^)*u) - ■0y(£)* {Vu) 

leads to the first estimate. 

The second claim follows from direct inspection of the commutator term, together 
with fact that the coefficients of V are poly homogeneous, and thus conormal. □ 

We now use difference operators to establish conormality of solutions to Vu = /. 

Proposition A.17. Suppose that g G ^ Aphg{M) and that V satisfies 

Assumptionl^ Suppose furthermore that a G (0,1) and that Id — §| < R, where R 
is the indicial radius ofV. Finally, suppose u G Cg'°‘{M) satisfies Vu = f, with f 
polyhomogeneous. Then u G As{M); i.e. u is conormal. 

Proof. We first note that / = Vu G Cg’°'{M) fl Aphg(M); thus by Lemma 1X31 we 
have / G Cg'°‘{M) for all k. Lemma [5761 implies that u G Cg’°‘{M) for all k as well. 
Fixing V G %, we see that AyU satisfies 

V{A\ru) = [V, A^] u + A^/. 

Using Proposition 15.21 we have, for any k>2 and a G (0,1), that 

ll^y“llcJ(M) ^ ll^y^llcJ'“(M) 

< C' (^11 [P, Ay] 

+ Il^y/Ilcj-2.“(M) + ll^y^llcJ'“(K)) (A.10) 

< C ^11 [V , Ay] Mllcfc-l(Jl^) 

+ ll^y/llc'J-i(M) d” ll^y'^llcj+'-(A')) 
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for some compact set K C M. Using Lemma lA.15r|ail we have ||= 
0{e). Furthermore, Lemma [A.l.^llbll implies that || = 0{e), while 

Lemma lA.161 implies that || [P, = 0{e). Consequently, from (lA.lOll 

we have WAynW^kf^^-^ = 0{e) and hence Lyu G Cg{M) for all k. 

Proceeding by induction, we assume for some integer I that for any {Ui,..., Vm} C 
% we have Wm = P-Vi ■ ■ ■ G Cg{M) for all fc > 0. Fixing U G 1^, we see that 
AyWm satisfies 

P{AyWm) = \P J Ay] Wm + Ay(/lvy • • ■ Pvif) + ^ ^Vi ■ ■ ■ ^Vi\ u). 

Using Lemma Fa. 161 we see that 

[V,Cv,.-.CvJuGCliM), 

Cv[P,Cv,---CvJuGCliM) 

for all k > 0. We now invoke Proposition 15.21 obtaining estimates analogous to 
(lA.lOl) for AyWm- Proceeding as above, we find Cy^m G Cg{M) for all fc > 0. 
Thus by induction on m we obtain u G As{M). □ 

Proof of Theorem \A.14\ In view of Proposition IA.171 we have that the solution u 
to (IA.1|) is conormal; thus u G As{M) for some <5 G M. 

Using Lemma [A.71 we write V = X{V) +72. and fix 7 as in that lemma. We 
proceed inductively, constructing a sequence of approximate solutions Uk such that 
Uk G Ap^g(M) n As{M) for some finite sets Sk Q C, and such that fk ■= f — 
Vuk G As+k-y{M). We further arrange that rk := u — Uk & As+k-y{M) and that 
rk+i — rk G As+k'^iM) for sufficiently large k. 

When fc = 0 we set Mo = 0 and, as / = Vu G As{M), we have nothing to prove. 
For convenience, we set Sq = C + r, the finite collection of characteristic exponents 
of V, shifted by the weight r of u (see Remark I A. 21) . 

Suppose now that u = Uk + rk satisfies the inductive hypothesis above. The 
remainder satisfies 

Vrk = fk. (A.ll) 

Using Remark lX3l we can write fk = fk'^+fjf™, where G Ap^g{M)r\As+kjiM) 
for some finite set 

Tk Q {s € C \ S + k"f < Re(s) < <5 + (fc + 1 ) 7 } 
and G As+{k+i)j{M). We rewrite (|A.lll) as 

IiV)rk = ft + fr-T^rk. 

Invoking Remark lA. 121 we have = rk+i + Vk + Wk, where 
rk+i = g^fr'^ + Tlrk) G As+ik+i)^iM), 

Vk = g{ft) e Al^'^J^+^\M)nAs+k,iM), 
and Wk G 

We set Mfc+i = Uk + Vk + Wk so that u = Uk+i + rk+i- Let Sk+i = S'fc U 
so that Mfe+i G Ap^'^^iM). Since rk, rk+i, and Vk are in As+kjiM), we have 
Wk G As+k-f{M) and therefore Uk+i — Uk is in the same space. This ensures that 
neither the exponents nor the log terms accumulate. 
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Finally, note that 

fk+i = fk -I{V)vk -I{V)wk - Tlivk + Wk). 

By construction (see Proposition lA.Ill) , we have 

1-{V)vk — fk ^ As+(k+i)'tiM). 

The remaining terms in fk+i are easily seen to be in As+{k+i)'y {^)i which completes 
the proof. □ 

A.4. Boundary regularity for nonlinear equations. The methods above can 
also be used to study the boundary regularity of solutions to many nonlinear elliptic 
equations. Here we illustrate this by showing that solutions to the Lichnerowicz 
equation dHH) are polyhomogeneous when the metric and coefficient functions are 
polyhomogeneous; see e.g. [10 [Hill [20] for other results of this nature. 

We suppose that g G -^weak with p^g G and that the functions A,B 

appearing in (I6dl are in pCpjjg(M). Let cj) be the solution to (16. ip guaranteed by 
the first part of Proposition 16.41 Note that u = </> — 1 G Cf (M) for all k. 

Setting V — Ag — {n + 1), we see that u satisfies an equation of the form 

Vu = f{u) (A.12) 

for some function /. Since u vanishes near dM, there exists some p* > 0 such that 
on the collar neighborhood of the boundary Cp, the function / may be represented 
by a uniformly and absolutely convergent series 

OO 

f{u) = '^aiu'^ (A.13) 

1=0 

with coefficient functions satisfying 

00,01 G pCphg(Af), and I >2. (A.14) 

The polyhomogeneity of u, and hence </>, is a consequence of the following. 

Proposition A.18. Suppose that g G -^^eak P^9 ^ ^ satisfies 

(IA.12I1 and u G Cf (M) for all k > 0, and that f is a funetion satisfying (jA.lSp and 
(IA.14I) in a collar neighborhood of the boundary. Then u is polyhomogeneous. 

Proof. We divide the proof in to two parts, first showing that the solution is conor¬ 
mal and subsequently showing that it is polyhomogeneous. 

In order to show u is conormal, we adapt the proof of Proposition I A. 17l For any 
P G fb, we see that Cvao.Cyai G pC'pijg(M) and Cyai G Cpijg(M) if / > 2. If 
w G Ci{M) we have Cyw G Cq“^(M); since f{u) G Ci{M) by (IA.13I) and (IA.14I) 
it follows that Cvf{u) G Ci~^{M). Consequently, fixing V G %, we find that 
(lA.lOll holds with i5 = I and / replaced by f{u). The subsequent argument shows 
that Cyu G C*! (M) for all k > 0. 

Proceeding inductively, we assume that for any {Vi,... ,Vm} Q % we have 
Wm = Pvi ■ ■ ■ ^ Ci{M) for all A: > 0. Fix P G %. The properties (IA.14I) 

imply that 

•••£y^/(u)GCf(M) 

for all A: > 0, and thus we may proceed exactly as in the proof of Proposition I A. 1 7l 
establishing that u is conormal. 
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To see that u is polyhomogeneous, we adapt the proof of Theorem IA.14I con¬ 
structing inductively an approximating sequence Uk € Ap^g(M) r\Ai{M) for finite 
Sk C C, such that fk = f{uk) — Vuk € Ai+fc-y(M) and such that r/c = u — Uk € 
Ai+kj(-^) with rfc+i — rfc G Ai+k-yi^) when k is large. We may assume that 
7G (0,1]. 

Setting uq = 0, the properties (IA.14|) imply that there is nothing to prove; as 
before, we set Sq = C, the set of characteristic exponents of V. 

Working under the inductive hypothesis, we see that the remainder ru = u — Uk 
satisfies 

Vrk = fk + fiu) - f{uk). 

Since Uk G ^phg(.^) H Ai(M) we have fk G Aphg{M). Furthermore, by inductive 
assumption we have fk G Ai+kjiM^)- Thus we may write fk = /f” + Z™™, where 
/f" G Aphg(M) n Ai+kjiM) for some finite set 

Tfe C {s I 1 -I- fcy < Re(s) < 1 -I- (fc -|- 1)7} 

and G 

We now analyze the difference f{u) — f{uk)- By assumption, rk = u — Uk € 
Ai+k’jiM), and thus ai(M — Uk) G Ai+(k+i)'i{M). For 1 > 2 we have G 

and therefore/(u) — /(Mfe) G Ai+(k+i)'y{M). Rewriting the equation 
as 

1{V)rk = fk"" + f{u) - f{uk) - Tlrk 
and applying Remark I A. 12 1 we obtain = rk+i + Vk + Wk, where 

Tk+i = + f{u) - f{uk) - 7^rfc) G Ai+(fe+i).y(M), 

Vk = G Al^fiM)nA,+k,{M), 

and Wk G Api,g{M). 

Proceeding as in the proof of Theorem I A. 141 completes the argument. □ 

Appendix B. Corrections to 

As pointed out to us by David Maxwell, Lemma 3.4(a) in [T7] is incorrectly 
stated. The following corrections need to be made to m- 

Page 16: The formula displayed in Lemma 3.4(a) should be replaced by 

(E ■ 

\o<j<k ) 

Page 17: Inequality (3.6) should be replaced by 

i i 

The proof of Lemma 3.5 can then be readily corrected by inserting the 
exponent p in appropriate places. 

Page 25: Two of the formulas near the top of the page need to be changed 
as follows: 

(c) u® p^g; 

(d) u 1 -^ uiS> p~^g~^. 
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Page 29: Each term in the first series of inequalities should be raised to the 
pth power. 

Page 30: Each term in the first series of inequalities should be raised to the 
pth power; the second inequality is then justified by using the elementary 
inequality (a + by < + hP). 

Page 48: Lines 7-12 should be replaced by the following: 

Then Lemma 6.1 implies that Pi is close to P in the following sense: For 
each JgR, 0<q;<1 , l<p<oo, and k such that m < k < I and 
m<k + a<l + l3, there is a constant C (independent of r or i) such that 


for all compactly supported u C 


||-Pi P^k—m,cx.,5 El 

(6.5) 

and for all compactly supported u C ^), 


||-Pi P^k—m,p,5 El 

(6.6) 


Page 49: On line 13 from the bottom, “Proposition 5.8” should be “Propo¬ 
sition 5.6”; and on line 11 from the bottom, “(6.5) implies (6.8)” should be 
“(6.6) implies (6.8).” 
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